CHAP TE R O B J EC TIV E S

15
Sequences and Series
Positioning spaceships requires highly
accurate computations because slight errors
can make a difference of many miles in
the landing point or cause an unacceptable
reentry angle. Using a series of powers, you
can calculate cosines and sines to as many
decimal places as desired, simply by using
the operations of addition, subtraction,
and multiplication many times. In this
chapter you will learn about these power
series as well as other series that can be
used to calculate things such as compound
interest on money in a savings account and
the cumulative effects of repeated doses of
medication.

•

Given a few terms in a sequence or
series of numbers, find more terms.

•

Given a series, find the sum of a
specified number of terms.

•

Represent sequences explicitly and
recursively.

•

Find a term in a sequence given its
term number.

•

Find the term number of a given term
in a sequence.

•

Given a series, find a specified partial
sum, or find the number of terms if the
partial sum is given.

•

Use sigma notation to write partial
sums.

•

Given a power of a binomial, expand it
as a binomial series.
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Ch apter 15 Sequences and Series
Overview

Teaching Resources

In this chapter, students are taught to distinguish between
a sequence, such as 1, 3, 5, 7, . . . , and a series, such as
1 1 3 1 5 1 7 1 · · ·. Students learn that under favorable
conditions, geometric series may approach limits as the number
of terms becomes infinite. This further exposes them to limits
(introduced earlier in the course) and prepares them to study
limits in the next chapter and at the beginning of calculus. On
a grapher, students experience convergence by watching more
and more decimal places in the partial sum remain fi xed as the
number of terms increases. The topics of binomial series and
sequences representing area and length give students a review of
probability from Chapter 14 and fractal figures from Chapter 13.

Explorations

Using This Chapter
This chapter can be placed in any order with the other chapters in
the text. Whether or not your students plan to go on to calculus,
the skills and content in this chapter are highly worthwhile. Series
are a significant part of Calculus BC, and many students find the
topic highly challenging. Once students have had an exposure to
the topic, they often feel more comfortable with the concept when
they study it in later courses.
The topic of sequences and series is very rich. The chapter is short,
so it would be diﬃcult to remove any of the sections. It would,
however, be possible to skip the part on expansion of binomial
series.

Exploration 15-1a: Introduction to Sequences
Exploration 15-2: Patterns in Sequences
Exploration 15-2a: Arithmetic and Geometric Sequences
Exploration 15-3: Introduction to Series
Exploration 15-3a: Partial Sums of Arithmetic Series
Exploration 15-3b: Partial Sums of Geometric Series
Exploration 15-3c: Binomial Series and the Binomial Formula
Exploration 15-3d: Arithmetic and Geometric Series Problems
Exploration 15-4a: A Power Series for a Familiar Function
Exploration 15-4b: Complex Numbers in Exponential Form

Blackline Masters
Section 15-3

Assessment Resources
Test 41, Chapter 15, Forms A and B

Technology Resources
Dynamic Precalculus Explorations
Geometric Series

Sketchpad Presentation Sketches
Sequences Present.gsp
Area Models Present.gsp
Geometric Staircase Present.gsp

Activities
Fathom: Arithmetic Sequences
Fathom: Geometric Sequences
Sketchpad: Area Models of Geometric Series

Calculator Programs
SERIES1
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Standard Schedule Pacing Guide
Day
1

Section
15-1

Introduction to Sequences and Series

2
3

15-2

Arithmetic, Geometric, and Other Sequences

4
6

8

7–13, 15, 18, 19, 25–28
RA, Q1–Q10, 1, 2, 5, 11–27 odd

15-3

Series and Partial Sums

3, 4, 9, 12, 29–51 odd, 53–55
Even-numbered problems and explorations as needed

Optional
7

1–10
RA, Q1–Q10, 1–6, 16, 17, 23, 24

Optional
5

Suggested Assignment

15-4

Chapter Review and Test

R0–R3, T1–T24
Problem Set 16-1

Block Schedule Pacing Guide
Day
1
2
3
4
5

Section
15-2

Arithmetic, Geometric, and Other Sequences

15-3

Series and Partial Sums

15-4

Chapter Review and Test

Suggested Assignment
RA, Q1–Q10, 1–6, 16, 17, 23, 24
RA, Q1–Q10, 1, 2, 5, 11–27 odd
3, 4, 9, 12, 29–51 odd, 53–55
R0–R3, T1–T24
Problem Set 16-1
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Sec tion 15-1

Mathematical Overview
In this chapter you will learn about sequences of numbers and about
series, which are sums of the terms of sequences. Geometric and
arithmetic series are logical mathematical models for functions such
as compound interest, where the amount of money in an account
increases by jumps each month rather than rising continuously. You
will look at sequences and series in four ways.

PL AN N I N G
Class Time
1 day
_
2

Homework Assignment
Problems 1–10

NUMERICALLY

Teaching Resources

Exploration 15-1a: Introduction to
Sequences

ALGEBRAICALLY
GRAPHICALLY

TE ACH I N G
Important Terms and Concepts
Continuous
Discrete
Sequences
Series
Arithmetic sequence
Arithmetic series
Partial sum
Geometric sequence
Geometric series

• Create a scatter plot.
• Find a regression model.
You may need to explain the meaning of
discrete data points. Viewed intuitively,
data points would seem discrete if they
are disconnected. For a set of points on
the number line, this means there is an
interval surrounding each point that
contains no other points in the set. The
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The figure shows a graph of the terms
of the geometric sequence 1.2 1.3 n as
a function of n, the term number. The
dotted line indicates the continuous
function graph that fits the discrete
values of the sequence.

tn

n

VERBALLY

In this exploratory problem set, students
are introduced to sequences and series.
You can assign this section for homework
the night of the Chapter 14 test or as a
group activity to be completed in class.
No classroom discussion is needed before
students begin the activity.

• Enter data as a list.

1  2 10  3069
S10  3 ______
12

1

Section Notes

If you did not cover Chapter 3 in your
class, you will need to spend time
showing students how to use a grapher to

Sequence:
3, 6, 12, 24, . . .
Series:
3  6  12  24  . . .
Partial sum: S10  3  6  12  24  . . .  1536  3069
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2

3

4

5

6

Arithmetic and geometric sequences are similar. In arithmetic
sequences the terms progress by adding a constant, and in geometric
sequences the terms progress by multiplying by a constant. They are
analogous to linear and exponential functions.

Chapter 15: Sequences and Series

integers are an example of a discrete set. For
any integer z, the interval (z 2 0.5, z 1 0.5)
contains no other integer but z. The rational
numbers are not discrete. No matter how
small an interval around a rational number,
it will always contain another rational
number. Data points on the coordinate
plane are discrete if you can find a circle
around each point that contains no other
data point. The data points for a sequence
are of the form (n, tn), where n is a positive

integer. Because the positive integers are
a discrete set, the points of a sequence are
also discrete.

15-1 Introduction to Sequences and Series
Most of the functions you have studied so far have been continuous—their graphs
have no discontinuities. Many of these graphs have been smooth curves. Where
discrete data points have been measured, you looked for the continuous function
that best fit these points. In this chapter you will study sequences of numbers,
such as
5, 7, 9, 11, 13, . . .
and series formed by summing the terms of a sequence, such as

1. 23; You would have to add nine 2s;
5 1 9 ? 2 5 23; 5 1 99 ? 2 5 203
Problems 2 and 6 ask students to sketch a
scatter plot. Students should sketch only
the points in the sequence, not the curve
that contains them.
2.

5  7  9  11  13  . . .

Objective

PRO B LE M N OTE S

y
20

t (JWFOBGFXUFSNTJOBTFRVFODFPSTFSJFTPGOVNCFST öOENPSFUFSNT
t (JWFOBTFSJFT öOEUIFTVNPGBTQFDJöFEOVNCFSPGUFSNT

10
x
4

3.

Exploratory Problem Set 15-1
1. The infinite set of numbers 5, 7, 9, 11, . . . is an
arithmetic sequence. It progresses by adding
2 to one term to get the next term. What does
the tenth term equal? How many 2s would
you have to add to the first term, 5, to get the
tenth term? How could you get the tenth term
quickly? Find the 100th term quickly.

6. Calculate the first ten partial sums of the
series in Problem 4 and enter them into a
third data list. Make a point plot of partial
sum as a function of term number, using the
term numbers in the data list of Problem 2.
Sketch the result.
7. Run regressions to find out which type of
continuous function exactly fits the partial
sums in Problem 6. Write its particular
equation. Use the result to find quickly the
100th partial sum of the series.

2. Enter the first ten terms of the sequence in
Problem 1 into a list on your grapher, and
enter the term numbers 1, 2, 3, 4, . . . , 10 into
another list. Make a point plot of term value as
a function of term number. Sketch the plot.

8. The infinite set of numbers 6, 12, 24, 48, . . .
is a geometric sequence. How do the terms
progress from one to the next? Find the tenth
term of the sequence.
9. The infinite sum 6  12  24  48  . . . is a
geometric series. Find the tenth partial sum of
the series.

3. What type of continuous function contains all
the points in the plot of Problem 2?
4. The infinite sum 5  7  9  11  . . . is an
arithmetic series. Because the series has an
infinite number of terms, you cannot add them
all. But you can add part of the series. Find the
tenth partial sum by adding the first ten terms.

10. What did you learn as a result of doing this
problem set that you did not know before?

5. Find the average of the first and tenth terms in
the series of Problem 4. Multiply this number
by 10. What do you notice about the answer?
Use the pattern you observe to find the
100th partial sum of the series. Show how you
found it.

Diﬀerentiating Instruction

Section 15-1: Introduction to Sequences and Series

• Pass out the list of Chapter 15 vocabulary,
available at www.keypress.com/
keyonline, for ELL students to look
up and translate in their bilingual
dictionaries.
• The exploratory problem set contains
challenging language. Consider doing it
as a class activity to ensure that ELL
students understand the language.

Exploration Notes
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Exploration 15-1a is a nice introduction
to sequences. It requires students to find
a pattern in a sequence of numbers and
to use the pattern to find more terms
in the sequence. In Problem 3, students
should plot the points by hand. You may
need to explain that the points should not
be connected with a solid curve because
the in-between points are not part of the
function. Allow about 20 minutes.

8

Linear

Problems 4–6 preview Section 15-3.
Problem 5 helps students discover a
shortcut for computing partial sums of
an arithmetic series.
4.

140

5. 14; 14 ? 10 5 140 5 the partial
5 1 203 100 5 10,400
sum; ______
?
2
7. Quadratic regression fits exactly:
y 5 x2 1 4x 5 1002 1 4(100) 5 10,400
Problem 8 asks students to find the tenth
term of a geometric sequence. Problem 9
asks them to find the tenth partial sum
of the corresponding geometric series.
Make sure students understand the
distinction between these problems. A
sequence is an ordered list, separated
by commas, and the tenth term is the
tenth item on the list. A series is a sum
of terms, and the tenth partial sum is the
sum of the first ten terms.
8. Each term is twice the preceding one;
3072
9.

6138

10. Answers will vary.

See page 1054 for the answer to
Problem 6.

Section 15-1: Introduction to Sequences and Series
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15-2 Arithmetic, Geometric, and

Sec tion 15-2

Other Sequences

PL AN N I N G

Suppose you have $40 that you are saving in a piggy bank to spend on a special
project. You take on a part-time job that pays $13 per day. Each day you put this
cash into the piggy bank. The number of dollars in the bank is a function of the
number of days you have worked.

Class Time
1–2 days

Days (term numbers, n)

Homework Assignment

Dollars (terms, tn)

Day 1: RA, Q1–Q10, Problems 1–6, 16,
17, 23, 24
Day 2: Problems 7–13, 15, 18, 19, 25–28

Teaching Resources

(The Granger Collection,
New York)

Exploration 15-2: Patterns in Sequences
Exploration 15-2a: Arithmetic and
Geometric Sequences

Objective

Technology Resources
Presentation Sketch: Sequences
Present.gsp

TE ACH I N G
Important Terms and Concepts
Discrete function
Continuous function
Sequence, tn
Arithmetic sequence
Common difference
Recursion formula
Sequence mode
Explicit formula
Compound interest
Geometric sequence
Common ratio
Fibonacci sequence
Fibonacci numbers
Golden ratio
Arithmetic means
Geometric means
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3

4

5

...

53

66

79

92

105

...

This is a discrete function rather than a continuous function. A discrete function
is a series of disconnected points, whereas a continuous function has no gaps or
discontinuities. After 3_12 days you still have the same $79 that you had after 3 days.
A function like this, whose domain is a set of consecutive integers, is called a
sequence. In this section you will look for patterns in sequences that allow you to
calculate a term from its term number or to find the term number of a given term.
t 3FQSFTFOUTFRVFODFTFYQMJDJUMZBOESFDVSTJWFMZ
t 'JOEBUFSNJOBTFRVFODFHJWFOJUTUFSNOVNCFS
t 'JOEUIFUFSNOVNCFSPGBHJWFOUFSNJOBTFRVFODF

E XPLOR ATION 15-2: Pat te r n s i n S e q ue n c e s
1. An arithmetic sequence progresses by adding
a constant to the preceding term to get
the next term. Could these sequences be
arithmetic sequences?

3. A geometric sequence progresses by
multiplying the preceding term by a constant
to get the next term. Could these sequences
be geometric sequences?

a. 5, 10, 20, . . .

a. 5, 10, 20, . . .

b. 5, 10, 15, . . .

b. 5, 10, 15, . . .

c. 5, 10, 40, . . .

c. 5, 10, 40, . . .

2. The constant added to a term of an arithmetic
sequence to get the next term is called the
common difference. What is the common
difference for the arithmetic sequence in
Problem 1? Why do you think it is called a
“difference”?

4. The constant that multiplies a term of a
geometric sequence to get the next term
is called the common ratio. What is the
common ratio for the geometric sequence
in Problem 3? Why do you think it is called
a “ratio”?
continued
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Exploration Notes

1a.

Exploration 15-2 introduces arithmetic and
geometric sequences and asks students to
find an explicit formula for a sequence that
is neither arithmetic nor geometric. This
exploration makes an excellent introduction
to Section 15-2. Allow about 20 minutes to
complete this exploration.

1b. Yes; 10 5 5 1 5 and 15 5 10 1 5.

See page 760 for notes on additional
explorations.
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2

In this exploration you will use the first few terms of a sequence to discover a
pattern and find more terms or term numbers.

Activity: Arithmetic Sequences
Activity: Geometric Sequences

1

1c.

No; 10 5 5 1 5 but 20 5 10 1 10.
No; 10 5 5 1 5 but 40 5 10 1 30.

2. 5. It is the difference between successive
terms: 5 5 10 2 5 5 15 2 10.
3a.

Yes; 10 5 2 ? 5 and 20 5 2 ? 10.

3b. No; 10 5 2 ? 5 but 15 5 1.5 ? 10.
3c.

No; 10 5 2 ? 5 but 40 5 4 ? 10.

Section Notes

EXPLORATION, continued
Problems 5–9 pertain to this sequence:
n:
tn:

1
4,

2
10,

3
18,

4
28,

5
40,

6
54,

7. On graph paper, plot the graph of the sequence.
Connect the points with a dashed line to show
the pattern.

7...
70, . . .

8. Use the formula from Problem 6 to calculate t53.

5. By discovering a pattern in the sequence, write
the next two terms.

9. The number 23,868 is a term in the sequence.
Calculate its term number.

6. Figure out what operation(s) can be performed
on the term numbers, n, to get the values of tn.
That is, figure out a formula for tn as a function
of n.

EXAMPLE 1 ➤

10. What did you learn as a result of doing this
exploration that you did not know before?

For the sequence of dollars 53, 66, 79, 92, 105, . . . at the beginning of this section:
a. Sketch the graph of the first few terms of the sequence.
b. Find t100, the 100th term of the sequence.
c. Write an equation for tn, the nth term of the sequence, as a function of n.

150

a. The graph in Figure 15-2a shows discrete points. You can connect the
points with a dashed line to show the pattern, but don’t make it a solid
line because sequences are defined only on the set of positive integers.
There are no points between consecutive terms in a sequence.

SOLUTION

tn

100
50
1 2 3 4 5 6 7 8 9

b. To find a pattern, write the term number, n, in one
column and the term, tn, in another column. Then
show the 13s being added to the preceding terms to
get the next terms.

n

Figure 15-2a

To get the fourth term, you start with 53 and add 13
three times. So to get the 100th term, you start with 53
and add 13 ninety-nine times.

n

tn

1

53

2

66

3

79

4

92

13
13
13

t100  53  99(13)  1340
c. tn  53  13(n  1)

or

➤

tn  40  13n

The sequence in Example 1 is called an arithmetic sequence. You get each term
by adding the same constant to the preceding term. You can also say that the
difference of consecutive terms is a constant. This constant is called the
common difference.
The pattern “add 13 to the previous term to get the next term” in Example 1 is
a recursive pattern for the sequence—each term is calculated using the previous
term. You can write an algebraic recursion formula:
tn  tn1  13
Section 15-2: Arithmetic, Geometric, and Other Sequences
tn

4. 2. It is the ratio between successive
terms: 10 : 5 5 20 : 10 5 2 : 1 5 2.
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tn 5 n2 1 3n

7.

See graph at right.

8.

t53 5 2968

A sequence is defined as a function whose
domain is the set of positive integers.
Using the word function to describe a
sequence may confuse students because
up to this point all the functions they
have worked with are continuous. Point
out that for each term number there is
exactly one term, so a sequence does
satisfy the definition of function. This
type of function is called a discrete
function. In practice, a sequence is
usually just the range of the more formal
definition of a sequence. In Example 3,
the sequence is
6, 12, 20, 30, . . .
Arithmetic sequences are linear
functions, and geometric sequences are
exponential functions. The graphs in
Examples 1 and 2 provide visual evidence
of these facts. The sequence in Example 3
is a quadratic function. Examining a
scatter plot can help students determine
what type of function fits a particular
sequence.
Emphasize that students should not
connect the points for a discrete function
with a solid curve because this implies
that the in-between points are also part
of the function. Students may instead use
a dashed curve if they wish to show the
pattern created by points.
Example 1 involves an arithmetic
sequence. In part a, students observe
that the sequence is a linear function.
Students should notice that the table in
part b shows the add–add pattern they
learned about in Chapter 2.

100

5. 88, 108. Methods may vary.
6.

In this section, students learn how to
represent sequences both recursively and
explicitly. They also learn to find a term
given its term number and to find a term
number given its term.

9. The 153rd term.
10. Answers will vary
10

n

Section 15-2: Arithmetic, Geometric, and Other Sequences
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Section Notes (continued)

Of course, in this example it is necessary to specify the value of the first term,
t1  53. The sequence mode on your grapher makes it easy to calculate terms
recursively. Here’s how you would enter the equation into a typical grapher:

The equation found in part c of
Example 1, tn 5 53 1 13(n 2 1), is
the explicit formula for the sequence.
It allows you to find the value of any
term without knowing the value of the
terms before it. When you work with
students to find an explicit formula for
an arithmetic sequence, you may find it
helpful to use this language:

nMin  1

Enter the beginning value of the term number, n.

u(n)  u(n  1)  13

Enter the recursion formula; u(n) stands for tn.

u(nMin)  {53}

Enter the first term.

The table view gives the values shown at right.
The pattern tn  53  13(n  1) you saw in Example 1, part c, is called
an explicit formula for the sequence. It “explains” how to calculate
any desired term without finding the terms before it.

tn 5 first term plus (n 2 1) common
differences
EXAMPLE 2 ➤

The text after the example gives the
recursion formula, tn 5 tn21 1 13.
A recursion formula tells you how to
compute the value of a term based on the
value of the term before it. Work with
students to help them enter the recursive
equation into their graphers.

Chapter 15: Sequences and Series

53

2

66

3
.
.
.

79
.
.
.

When you leave money in a savings account, the interest is compounded. This
means that interest is paid on the previously earned interest as well as on the
amount originally deposited. If the interest rate is 6% per year, compounded once
a year, the amount at the beginning of any year is 1.06 times the amount at the
beginning of the previous year. Suppose parents invest $1000 in an account on
their baby’s first birthday.

b. Make a point plot of tn as a function of n for the first 18 birthdays.
c. Calculate explicitly the value of t18, the amount on the 18th birthday.
d. Write an explicit formula for the amount, tn, as a function of the birthday
number, n.
e. If the money is left in the account and the interest rate stays the same,
when will the amount first exceed $11,000?
SOLUTION

a.

Birthday, n

Dollars, tn

1

1000.00

2

1060.00

3

1123.60

4

1192.02

tn 5 first term times (n 2 1) factors of
the common ratio

758

u(n)

a. Find recursively the first four terms, t1, t2, t3, and t4, in the sequence of
amounts.

Example 2 uses the idea of compound
interest to introduce geometric
sequences. Students should observe
that the table in part a shows the
add–multiply pattern for exponential
functions. Part b shows how to make
a scatter plot by entering the recursion
formula into a grapher. When you work
with students to find an explicit formula
for a geometric sequence, you may find it
helpful to use this language:

Part e of Example 2 requires students to
find the term number corresponding to a
given term value. Because the function is
exponential, finding an algebraic solution
involves using logarithms. Most students
will find the numerical solution easier,
but encourage them to practice using
both methods so that they will become
comfortable with logarithms.

n

1

758
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Note that the real-world answer to part e
is 43, not 42.1522…, because n must be
a positive integer. Because the interest is
compounded at the beginning of any year,
the sum of money will not increase until
after the 42nd birthday, which will be on
the 43rd birthday.

1.06
1.06
1.06

Calculate without rounding;
round the answers.

The sequence in Example 3 is neither
arithmetic nor geometric. Often so much
time is spent discussing arithmetic and
geometric sequences that students get the
false impression that every sequence is
either arithmetic or geometric.

Diﬀerentiating Instruction

b. With your grapher in sequence mode, enter the recursion formula.
Figure 15-2b shows the point plot.

tn
2000

n
18

Figure 15-2b

• Exploration 15-2 is language heavy.
Consider working through it as a class
activity.

nMin  1
u(n)  u(n  1) * 1.06
u(nMin)  {1000}
c. For the fourth birthday, you multiply 1000 by three factors of 1.06. So for
the 18th birthday you multiply 1000 by 17 factors of 1.06:
t18  1000 1.06 17  2692.7727...  $2692.77
d. tn  1000 1.06 n1

Multiply 1000 by (n  1) factors of 1.06.

e. Algebraic solution:
1000 1.06 n1  11,000
1.06 n1  11
(n  1) log 1.06  log 11
log 11
n  1  _______  41.1522...  n  42.1522...
log 1.06
The amount would first exceed $11,000 on the 43rd birthday.
43 because n is greater than 42.1522....

Numerical solution: With your grapher in sequence mode, make a table
and scroll down to n  43, the first year in which tn exceeds 11,000.
➤
The sequence in Example 2 is called a geometric sequence. You get each term by
multiplying the previous term by the same constant. You can also say that the
ratio of consecutive terms is a constant. This constant is called the common ratio.
Notice that this pattern is the same as the add–multiply property of exponential
functions, which you learned about in Chapter 2.

EXAMPLE 3 ➤

Consider the sequence 6, 12, 20, 30, 42, 56, 72, . . . .
a. Write a recursion formula for tn as a function of tn1. Use it to find the next
few terms.
b. Write an explicit formula for tn as a function of n. Use it to find t100.

SOLUTION

a. Make a table showing the term number and the
corresponding term value.
The terms progress by adding amounts that
increase by 2 each time. For instance, to
get term 5, you add 12, which is 2 times the
quantity (n  1). So
tn  tn1  2(n  1)

n

tn

1

6

2

12

3

20

4

30

5

42

6

56

7

72

6
8
10
12
14
16

Section 15-2: Arithmetic, Geometric, and Other Sequences

The text after Example 3 summarizes
the main ideas of this section. Make sure
students understand that a recursion
formula is an easy way to find the next few
terms of a sequence, whereas an explicit
formula is useful for finding terms later
in the sequence or for finding the term
number for a given term.

23
34
45
56
67
78
89
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• This section is language heavy and
may be diﬃcult for ELL students
to comprehend—even after doing
Exploration 15-2 and the examples as
class activities. You may need to work
through extra examples to help ELL
students understand the material in
this section. Some problems from the
problem set could serve this purpose.
• Have students write the definitions
and techniques on pages 760 and 761
in their journals, both in their own
words, and in the words of the text,
and, for ELL students, perhaps in their
primary language.
• Spend time reviewing the important
terms in this section with ELL
students.
• This assignment is very language
heavy. Consider doing the assignment
as a class activity, or be sure to
provide language support for ELL
students. Furthermore, several
important concepts are introduced
in Problems 19, 20, and 24. These
problems, in particular, should be done
as class activities.
• After the assignment is finished, have
students write the properties on
page 766 in their journals along with a
numeric example (or examples) of
each.

Section 15-2: Arithmetic, Geometric, and Other Sequences
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Additional Exploration Notes

Enter this recursion formula into your grapher with nMin  1 and
t1  u(nMin)  6. Scroll down the table to find the next few values of tn.
Note that the value 72 for t7 confirms that your formula is correct.

Exploration 15-2a applies arithmetic
and geometric sequences to a real-world
problem. This exploration requires more
time than Exploration 15-2 because
students must analyze the written
information to answer the questions.
Students may need your guidance to
write the algebraic formulas required
for Problems 5 and 6. You may want to
stop the class after most groups have
completed Problem 5 and discuss how
students found the formula. Allow about
30 minutes to complete this exploration.

n

tn

7

72

8

90

9

110

10
.
.
.

132
.
.
.

b. The terms are also the products of consecutive integers, term number plus
1 and term number plus 2, as shown in the table in part a. So an explicit
formula is
tn  (n  1)(n  2)

Technology Notes

t100  (101)(102)  10,302

Example 3 illustrates that the recursion formula is useful for finding the next few
terms but the explicit formula for tn in terms of n lets you find terms farther along in
the sequence without having to find all the intermediate terms.

Presentation Sketch:
Sequences Present.gsp, at
www.keypress.com/precalc,
shows arithmetic and geometric
sequences on a number line.

The following definitions pertain to sequences.

DEFINITION: Sequences

Activity: Arithmetic Sequences,
in the Instructor’s Resource Book,
helps students learn to identify
the initial term and the common
difference of an arithmetic
sequence. Students also see scatter
plots of the terms. Allow 20–25
minutes.
Activity: Geometric Sequences, at
www.keypress.com/precalc, has
students explore the sequence used
in the Mathematical Overview
opening the chapter. Students
generate the geometric sequence
and are challenged to find a pattern
in its partial sums. The activity
provides a good exploratory
introduction to Section 15-3. Allow
20–25 minutes.
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➤

A sequence is a function whose domain is a set of integers. The independent
variable is the term number, n, and the dependent variable is the term
value, tn.
A recursion formula for a sequence specifies the initial term and defines tn
as a function of one or more preceding terms, such as tn1.
An explicit formula for a sequence specifies tn as a function of n.

Notes:
 t "MUIPVHIBTFRVFODFVTVBMMZIBTBOJOĕOJUFOVNCFSPGUFSNT JUDPVMEIBWFB
finite number if the domain is restricted.
 t "SFDVSTJPOGPSNVMBHJWFTBOFBTZXBZUPĕOEUIFOFYUGFXUFSNTJOB
sequence.
 t "OFYQMJDJUGPSNVMBJTVTFGVMGPSDBMDVMBUJOHUFSNTMBUFSJOUIFTFRVFODFPSGPS
calculating the term number of a given term value.
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CAS Suggestions

DEFINITIONS: Arithmetic and Geometric Sequences

Students can use a Solve command on
a CAS to find the algebraic solution to
Example 2e.

An arithmetic sequence is a sequence in which each term is formed
recursively by adding a constant to the previous term. The constant added is
called the common difference.
A geometric sequence is a sequence in which each term is formed
recursively by multiplying the previous term by a constant. The constant
multiplier is called the common ratio.

Notes:
 t "OBSJUINFUJDTFRVFODFJTB linear function of the term number.
 t "
 HFPNFUSJDTFRVFODFJTBOexponential function of the term number.
There are techniques for finding a specified term and for finding the term number
of a given term value.

If the explicit formula for the balance
in Example 2 is defined as a function,
that function can then be used to solve
part e, and verify other balances, or other
values. This is mathematically equivalent
to the numerical computation of a list,
without the need to observe all of the
intermediate values.

TECHNIQUES: Terms, Term Numbers, and Graphs of Sequences
To find more terms in a sequence, make a table of term numbers and terms
and then:
t 'JOEBSFDVSTJWFQBUUFSOBOEGPMMPXUIFQBUUFSOUPUIFEFTJSFEUFSN PS
t 8SJUFBOFYQMJDJUGPSNVMBGPStn in terms of n and substitute a value for n.
To find the value of n for a given term:
t 'PMMPXUIFSFDVSTJWFQBUUFSOVOUJMZPVSFBDIUIFHJWFOUFSN PS
t 4VCTUJUVUFUIFHJWFOUFSNWBMVFJOUPUIFFYQMJDJUGPSNVMBBOETPMWFGPS n.
To plot the graph of a sequence:
t .BLFBUBCMFPGn and tn on your grapher, then plot the points (n, tn), or
t Set your grapher in sequence mode, enter the formula for tn, and
then graph.

Section 15-2: Arithmetic, Geometric, and Other Sequences
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PRO B LE M N OTE S
Q1. Exponential

Q2. Logarithmic

Linear

Q3.

Problem Set 15-2

Power

Q4.

From what you have read in this section, what do
you consider to be the main idea? How is a sequence
related to other types of functions you have studied
in this course? What is the difference between a
recursion formula and an explicit formula? An
arithmetic sequence has the add–add property, and
a geometric sequence has the add–multiply property.
What other types of functions that you have studied
have these properties?

Q5. Multiply it by 8.
Q6. A positive or negative whole
number, or zero
_›

_›

Q8. 5i 2 j

21 or 26

Q7.

Q9. 5 2 i

Q10.

(5, 210−)

Problems 1–18 can be solved on a
TI-Nspire grapher by defining functions
or using the Seq command. The figure
shows the solution to Problem 1, defining
an explicit formula for the geometric
sequence, verifying the first two terms,
solving for the missing term, and then
using the Seq command to produce just
the 36th, 37th, and 38th terms to verify
the answer from the previous step.

1c.

5m

in

2c. 423

2d. The 190th term
3b. 19; 6

3c.

21229

3d.

The 50th term

4a. Geometric

4b.

72.9; 65.61

0.0029...

4c.

4d. The 34th term

5a. Geometric
5b. 856.25; 2140.625
5c.

1.3640... 3 1041

5d. The 13th term
6a. Arithmetic

6b.

102.4; 114.1

6c. 1225.6
6d. The 3,285th term
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3. 58, 45, 32, . . . , 579, . . .
4. 100, 90, 81, . . . , 3.0903... , . . .
5. 54.8, 137, 342.5, . . . , 3266334.5336... , . . .
6. 67.3, 79, 90.7, . . . , 38490.1, . . .
8. 1234, 1215.7, 1197.4, . . . , 2426, . . .
9. 0, 3, 8, 15, 24, 35, 48, 63, 80, 99, . . . , 3248, . . .
10. 4, 10, 18, 28, 40, 54, 70, . . . , 178504, . . .
11. x, 2x  a, 3x  2a, . . . , 240x  239a, . . .
__

12. 5, 5q2 , 10, . . . , 20480, . . .
13. Grains of Rice Problem: A story is told that the
person who invented chess centuries ago was to
be rewarded by the king. The inventor gave the
king a simple request: “Place one grain of rice on
the first square of a chessboard, place two grains
on the second, then four, eight, and so forth, till
all 64 squares are filled.” What type of sequence
do the numbers of grains form? On which square
would the number of grains first exceed 1000?
How many grains would be on the last square?
Why do you think the king was upset about
having granted the inventor’s request?

Arithmetic sequences: Geometric sequences:
t1 + d + d + . . .
t1  r  r  . . .
t2
t2
...
t3
t3 . . .

Arithmetic

3a. Arithmetic

2. 27, 31, 35, . . . , 783, . . .

a. State whether the sequence is arithmetic,
geometric, or neither.

1d. The 37th term
2b. 39; 43

1. 27, 36, 48, . . . , 849490.0219... , . . .

For Problems 1–12,

1b. 64, 85.3

(6.3139...) 3 1013

2a.

d. Find the term number of the term after the
first ellipsis.

7. 50, 45, 40.5, . . . , 15.6905... , . . .

Quick Review

Q1. What type of function has the add–multiply
property?
Q2. What type of function has the multiply–add
property?
Q3. What type of function has the add–add
property?
Q4. What type of function has the
multiply–multiply property?
Q5. If y is a direct-cube power function of x, then
what does doubling x do to y?
Q6. What is an integer?
Q7. Solve: x 2  7x  6  0
_›
_›
_›
_›
Q8. Add the vectors 3i  4j and 2i  5j .
Q9. Add the complex numbers 3  4i and 2  5i.
Q10. Write polar coordinates of the point (5, 30 )
using a positive value of r.

_

1a. Geometric

c. Find t100.

Reading Analysis

b. Write the next two terms for the first ellipsis.
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Geometric

7b.

7c.

20.0014...

7d. The 12th term

11b. 4x 2 3a; 5x 2 4a

8a.

Arithmetic

8b. 21179.1; 21160.8

11c.

100x 2 99a

8c.

577.7

8d. The 201st term

11d.

The 240th term

9a.

Neither

9b.

120; 143

12a.

Geometric

9c.

9999

9d.

The 57th term

12b. 102 ; 20

10a.

Neither

10c. 10,300

236.45; 32.805

Arithmetic

7a.

10b. 88; 108
10d.

The 421st term

11a.

__

12c.

3.9806… 3 1015

12d.

The 25th term

14. George Washington’s Will Problem: Suppose
you find that when George Washington died
in 1799, he left $1000 in his will to your ancestors.
The money has been in a savings account ever
since, earning interest. The amounts 1 yr, 2 yr,
and 3 yr after Washington died were $1050.00,
$1102.50, and $1157.63, respectively. Show
that these numbers form a geometric sequence
(allowing for round-off, if necessary). When will
(or did) the total in the account first exceed
$1 million? How much would be in the account
this year? Why do you think banks have rules
limiting the number of years money can be left
in a dormant account before they stop paying
interest on it?
15. Depreciation Problem: The Internal Revenue
Service (IRS) assumes that an item that can wear
out, such as a house, car, or computer, depreciates
by a constant number of dollars per year. (If the
item is used in a business, the owner is allowed to
subtract the amount of the depreciation from the
business’s income before figuring taxes.) Suppose
that an office building is originally valued at
$1,300,000.
a. If the building depreciates by $32,500 per year,
write the first few terms of the sequence of
values of the building after 1, 2, 3, . . . yr. What
type of sequence do these numbers form?
How much will the building be worth after
30 yr? How long will it be until the building is
fully depreciated? Why does the IRS call this
straight-line depreciation?

16. Piggy Bank Problem: Suppose you decide to save
money by putting $5 into a piggy bank the first
week, $7 the second week, $9 the third week, and
so forth.
a. What type of sequence do the deposits form?
How much will you deposit at the end of
the tenth week? In what week will you
deposit $99?
b. Find the total you would have in the bank at
the end of the tenth week. Show that you can
calculate this total by averaging the first and
the tenth deposits and then multiplying this
average by the number of weeks.
c. What is the total amount you would have
in the bank at the end of a year? (Do the
computation in a time-efficient way.)
17. Laundry Problem: An item of clothing loses a
certain percentage of its color with each washing.
Suppose a pair of blue jeans loses 9% of its color
with each washing. What percentage remains
after the first, second, and third washings? What
type of sequence do these numbers form? What
percentage of the original color would be left after
20 washings? How many washings would it take
until only 10% of the original color remains?
18. Ancestors Problem: Your ancestors in the
first, second, and third generations back are
your biological parents, grandparents, and
great-grandparents, respectively.

b. Suppose the IRS allows the business to take
accelerated depreciation, each year deducting
10% of the building’s value at the beginning
of the year. Write the first few terms in
the sequence of values in each year of the
building’s life. How much will the business get
to deduct the first, second, and third years of
the building’s life? How old will the building
be when the business can deduct less than
$32,500, which is the amount using straightline depreciation?

Problem 15 compares and contrasts
arithmetic and geometric sequences.
15a. $1,267,500, $1,235,000, $1,202,500,
$1,170,000, . . .; arithmetic sequence;
$325,000; 40 yr; The depreciation
function is linear and the scatter plot
points lie on a straight line.
15b. $1,170,000, $1,053,000, $947,700,
$852,930, . . . ; $130,000 the first year,
$117,000 the second year, $105,300 the
third year; 15 yr
Arithmetic; $23; the 48th week
5 1  
23 10
16b. $140 5  ______
2 ?
16c. $2912
16a.

17. 91%; <82.8%; <75.4%; geometric;
<15.2%; 25 washings

a. Write the number of ancestors you have
(living or dead) in the first, second, and third
generations back. What type of sequence do
these numbers form? How many ancestors do
you have in the 10th generation back? In the
20th generation back?
b. As the number of generations back gets larger,
the calculated number of ancestors increases
without limit and eventually will exceed
the population of the world. What do you
conclude must be true to explain this seeming
contradiction?

Section 15-2: Arithmetic, Geometric, and Other Sequences

Problem 13 gives an example of a geometric
series. Carl Sagan wrote an entertaining
article, “The Secret of the Persian
Chessboard,” for the February 5, 1989,
issue of Parade magazine. In the article’s
introduction, Sagan outlines a story similar
to the Grains of Rice Problem and explains
geometric sequences and exponential
growth in words. Then he describes three
significant real-world examples involving
AIDS, global population growth, and the

$1050.00 _______
$1102.50 _______
$1157.63
 5  
 5  
 
14. _______
 
$1000.00 $1050.00 $1102.50
5 1.05, allowing for round-off.
1941; answers will vary. Sample answer:
Because the amount in a long-term
account could grow unrealistically large.

Problem 18 asks students to compute the
number of ancestors they have in various
generations. This topic is also addressed
in Sagan’s article, “The Secret of the
Persian Chessboard” (see the note for
Problem 13).
18a.

2, 4, 8; geometric; 1024; 1,048,576

18b. People must have common
ancestors.
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discovery of nuclear fission. This article can
be used to stimulate a class discussion about
the role of mathematics in solving critical
problems facing humanity.

13. Geometric; the 11th square;
9.2233…  1018grains. The king was upset
because the number of grains of rice got so
large so quickly.

Section 15-2: Arithmetic, Geometric, and Other Sequences
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Problem Notes (continued)
Problem 19 helps develop intuitive
understanding of limits. Part b
demonstrates that the limit of the ratio
of consecutive terms of the Fibonacci
sequence is the golden ratio.
19a. tn5 tn22
 1 t n21
 , t1 5 t 2 5 1;
89; 144; 6765
_

19b. 1, 2, 1.5, 1.6, 1.6,
1.625, 1.6153...,
__
1.6190..., 1.6176..., 1.618
19c. Answers will vary. The spirals in
each direction usually are consecutive
Fibonacci numbers.
19d. Answers will vary. Leonardo
Fibonacci was an Italian mathematician
of the late 12th and early 13th centuries.
The Fibonacci term tn is the number of
pairs of rabbits there will be in the nth
month if you start with one pair and if
every pair produces another pair every
month but not starting until they are two
months old.
Problem 20 can serve as a review
question about factorials.
20a. tn 5 n ? tn21
 , where t05 1; 5,040,
40,320

(2)

(3)

(5)

19.

21b. tn 5 tn21
 1 t n22
 where
t 25 2 and t15 1; 10,946
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(13)

Fibonacci Sequence Problem: These
numbers form the Fibonacci sequence:
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, . . .
a. Figure out the recursion pattern followed by
these Fibonacci numbers. Write the next two
terms of the sequence. Enter the recursion
formula into your grapher. You will need to
enter u(nMin)  {1, 1} to show that the first
two terms are given. Make a table of Fibonacci
numbers and scroll down to find the 20th term
of the sequence.
b. Find the first ten ratios, rn, of the Fibonacci
numbers, where
tn1
rn  ___
t
n

Show that these ratios get closer and closer to
the golden ratio,
__

r _______
q5  1  1.61803398…
2
c. Find a pinecone, a pineapple, or a sunflower,
or a picture of one of these. Each has sections
formed by intersections of two spirals, one
in one direction and another in the opposite
direction. Count the number of spirals in
each direction. What do you notice about
these numbers?

20b. 10! 5 3,628,800; 20!
5 (2.4329...) 3 1018
The exclamation mark suggests how
surprisingly quickly factorials grow.
21a. To get to step 3, she can take one
step from step 2 or two steps from step 1.
So, the number of ways to get to step 3
is the number of ways to get to step 1
plus the number of ways to get to step 2.
Similarly, the number of ways to get to
step 4 is the number of ways to get to
step 2 plus the number of ways to get to
step 3.

(8)

The successive tones in one of Béla Bartók’s musical scales
increase in a Fibonacci sequence of halftones.
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d. Look up Leonardo Fibonacci (also known as
Leonardo of Pisa) on the Internet or in another
reference source. Find out when and where he
lived. See if you can find out how he related
the sequence to the growth of a population
of rabbits and why, therefore, his name is
attached to the sequence.
20. Factorial Sequence Problem: These numbers form
the sequence of factorials:
1, 2, 6, 24, 120, 720, . . .
a. Figure out a recursive pattern in the sequence,
and use it to write the next two factorials.
b. Recall from Chapter 14 that you use the
exclamation mark, !, to designate a factorial.
For example, 6!  720. Write an explicit
formula and use it to find 10! and 20!.
What do you notice about the magnitude of
the values? Think of a possible reason why the
exclamation mark is used for factorials.
21. Staircase Problem: Debbie can take the steps of a
staircase one at a time or two at a time. She wants
to find out how many different ways she can go
up staircases with different numbers of steps.
She realizes that there is one way she can go up a
staircase of 1 step and two ways she can go up a
staircase of 2 steps (one step and one step, or both
steps simultaneously).
a. Explain why the numbers of ways she can go
up 3- and 4-step staircases are three and five,
respectively.
b. If Debbie wants to get to the 14th step of a
staircase, she can reach it by taking either
one step from the 13th step or two steps from
the 12th step. So the number of ways to get to
step 14 is the number of ways to get to step 13
plus the number of ways to get to step 12. Let n
be the number of steps in the staircase, and
let tn be the number of different ways Debbie
can go up that staircase. Write a recursion
formula for tn as a function of tn1 and tn2. Use
the recursion formula to find the number of
ways she could go up a 20-step staircase. On
your grapher, you must enter u(nMin)  {2, 1}
to show that t2  2 and t1  1.

23. Credit Card Problem: A credit card company
charges 18% interest per year (1.5% per month)
on your unpaid balance. Suppose you have a
balance of $3000 at month 1, and the minimum
payment specified on the monthly bill is $100.
The new balance at month 2 will be $3000 plus
1.5% interest, minus the $100 payment. These
balances form the sequence

c. How does the number of ways of climbing
stairs relate to the Fibonacci sequence in
Problem 19?
d. In how many different ways could Debbie
go up the 91 steps to the top of the pyramid
in Chichén Itzá, Mexico? Do you find this
surprising?

u(1)  3000, u(2)  u(1)  0.015u(1)  100
If this pattern of payments continues, how long
will it be until the balance drops below the $100
minimum payment? How much, total, will you
have paid when the balance is paid off? Do you
find the answers surprising?
24. Arithmetic and Geometric Means Problem:
Arithmetic means and geometric means
between two numbers are terms between the two
numbers that form an arithmetic or geometric
sequence with the two numbers.
a. Insert three arithmetic means between 47 and
84 so that the sequence 47, ? , ? ,
? , 84 is part of an arithmetic sequence.

22. Mortgage Payment Problem: Suppose a family
borrows $150,000 to purchase a house. It agrees
to pay back this mortgage at $1074.65 per month.
But part of that payment goes to pay the interest
for the month on the balance remaining. The
interest rate is 6% per year, so the family pays
0.5% per month. The balance bn remaining after
month n is given by the recursion formula

b. Find b12, the balance remaining at the end
of the first year of the mortgage. How much
money did the family pay for the year? How
much of this amount went to pay interest, and
how much went to reducing the balance of the
mortgage?

23. In the 41st month, after 40
payments. $4015.49.
Problem 24 introduces the concepts of
arithmetic and geometric means.
24a.

56.25, 65.50, 74.75

In Problem 24b, students can use
a Solve command to determine the
possible ratios, and then compute the
terms using the positive ratio as shown
in the figure. Students can then go on to
calculate the terms using the negative
ratio using a similar command (Seq).

b. Insert three geometric means between 3 and
48 so that the sequence 3, ? , ? , ? ,
48 is part of a geometric sequence.
c. There are two different sets of geometric
means in part b, one involving only positive
numbers and another involving both positive
and negative numbers. Find the set of means
you didn’t find in part b.

bn  bn1  0.005bn1  1074.65
a. Explain the meaning of each of the three
terms on the right side of the recursion
formula.

Problem 23 is an eye-opening problem.
Students will be astounded by how long
it takes to pay off a credit card with
minimum payments.

25. Office Building Problem: Suppose you
are responsible for estimating the cost of
constructing a new office building. From
previous records you find that the cost of
constructing similar buildings was $1200/m 2 for
the first floor and $1500/m 2 for the fifth floor.

c. After how many months will the balance drop
to zero and the mortgage be paid off?

a. Assuming that the numbers of dollars per
square meter form an arithmetic sequence,
find the costs per square meter for the second,
third, and fourth floors. What mathematical
name is given to these numbers?
b. The 48th floor is to have area 1000 m 2 .
Assuming that the arithmetic sequence
continues, what is the total cost of
constructing this floor?
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21c. If you let t0 5 1, then this is the same
sequence.
21d. 7.5401... 3 1018

22a. bn21 is the amount the family owed at
the end of the previous month. 0.005bn21 is
the interest the family pays on the previous
month’s balance. $1,074.65 is the amount
they paid on the mortgage this month.

24b.

6, 12, 24

24c.

26, 12, 224

Problems 25 and 26 are real-world
applications of arithmetic and geometric
sequences.
25a. $1275, $1350, $1425; these are
called arithmetic means.
25b.

$4,725,000
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22b. 145,995.26; $12,895.80;
$4,004.74 went toward paying off the
mortgage and $8,891.06 went toward paying
interest.
22c. The balance will have dropped to zero
after the 240th month.
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Problem Notes (continued)
26.

26a.
Note

Frequency
(Hz)

A

220

A#

233.0818...

B

246.9416...

C

261.6255...

C#

277.1826...

D

293.6647...

D#

311.1269...

E

329.6275...

F

349.2282...

F#

369.9944...

G

391.9954...

G#

415.3046...

A

440

Internet sources will vary, but the
answers should agree with the table; the
numbers are geometric means.

Musical Scale Problem: Figure 15-2c shows
the keys on a piano around middle C. The lower
A has frequency 220 Hz (Hertz, or cycles per
second), and the higher A has a frequency twice
as high. The 11 notes (counting black keys) in
between have frequencies that form a geometric
sequence between 220 and 440.

A B C D E F G A
220 Hz

440 Hz

Figure 15-2c

a. Calculate the frequencies of the 11 notes
between 220 Hz and 440 Hz. Check “equal
temperament scale” on the Internet or in some
other source to see if your answers
are correct. Cite the source of your
information. What mathematical name is
given to these 11 numbers?
b. Calculate the frequencies of the highest and
lowest notes on the piano keyboard, 51 notes
above and 36 notes below the 220 Hz A,
respectively.

27. Logarithm Sequence Problem: Given the sequence
of natural logarithms
ln 3, ln 6, ln 12, ln 24, . . .
a. Write the next three terms.
b. What kind of sequence do the arguments of
the logarithms form?
c. Show that the logarithms themselves form an
arithmetic sequence. What is the common
difference? Use the properties of logarithms to
express this difference as a logarithm.
28. Formulas for Sequences Problem: Let tn be the nth
term of a given sequence. Based on the patterns
followed by arithmetic and geometric sequences,
explain how the formulas in the box are derived.

PROPERTIES: Formulas for
Arithmetic and
Geometric Sequences
For an arithmetic sequence with first
term t1 and common difference d,
tn  t1  (n  1)d
For a geometric sequence with first
term t1 and common ratio r,
tn  t1 r n–1

26b. Highest: 4186.0090... Hz;
Lowest: 27.5 Hz
Problem 27 gives an example of a
logarithmic sequence.
27a.

ln 48, ln 96, ln 192

27b. Geometric
27c. The logarithms have a common
difference of 0.6931..., so they form an
arithmetic sequence.
Problem 28 introduces formulas for
arithmetic and geometric sequences.
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Additional CAS Problems

1. What is the first term of the sequence
in Example 3 whose value is at least one
million?

See page 1054 for answers to Problem 28
and CAS Problems 1–3.

766

Chapter 15: Sequences and Series

2. How long would it take the initial $1000
balance in Example 2 to double? How
long would it take an initial balance
of $5000 to double? If you wanted the
initial balance to double in exactly 10
years, what interest rate should you use?

3. Amy and Bill used the same starting
term to produce sequences. Amy
announced that she was creating a
geometric sequence and Bill declared
that he would make an arithmetic
sequence. They were quite surprised
when they compared their first three
terms and found that they were identical.
What are all possible values for Amy’s
common ratio and Bill’s common
difference?

15-3 Series and Partial Sums
A population of bacteria grows by subdividing. Suppose the number of new bacteria
in any one generation is a term in the sequence

Sec tion 15-3
PL AN N I N G

5, 12, 21, 32, 45, . . .
The total number of bacteria present at any number of generations n is the sum of the
terms in the sequence,
5  12  21  32  45  . . .  t

Class Time

The indicated sum of the terms of a sequence is called a series, as defined in
Section 15-1. The total number of bacteria at the fifth generation, for instance, is the
fifth partial sum of the series,

Homework Assignment

n

Day 1: RA, Q1–Q10, Problems 1, 2, 5,
11–27 odd
Day 2: Problems 3, 4, 9, 12, 29–51 odd,
53–55
Day 3: Even-numbered problems and
explorations as needed

5  12  21  32  45  115
At the fifth generation there are 45 new bacteria, for a total of 115 bacteria.
In this section you will learn ways to calculate partial sums of series. You will
also revisit binomial series that arise from raising a binomial to a power, such
as (a  b) 10.

Objective

Teaching Resources

Exploration 15-3: Introduction to Series
Exploration 15-3a: Partial Sums of
Arithmetic Series
Exploration 15-3b: Partial Sums of
Geometric Series
Exploration 15-3c: Binomial Series and
the Binomial Formula
Exploration 15-3d: Arithmetic and
Geometric Series Problems
Blackline Master
Properties: Formulas for Arithmetic,
Geometric, and Binomial Series

t (
 JWFOBTFSJFT öOEBTQFDJöFEQBSUJBMTVN PSöOEUIFOVNCFSPGUFSNTJG
UIFQBSUJBMTVNJTHJWFO
t 6TFTJHNBOPUBUJPOUPXSJUFQBSUJBMTVNT
t (JWFOBQPXFSPGBCJOPNJBM FYQBOEJUBTBCJOPNJBMTFSJFT

Numerical Computation of Partial Sums of Series:
Sigma Notation
This example shows you how to calculate a partial sum of a series directly by
summing the terms on your grapher.

EXAMPLE 1 ➤
SOLUTION

For the series 5  12  21  32  45  . . . , calculate S100, the 100th
partial sum.
The terms in the given series are products of integers, as shown in this table:
n

tn

5

51

2

12

62

3

21

73

4
.
.
.
n

32
.
.
.
(n 4)(n)

84
.
.
.

Geometric Series (Problem 53)
Presentation Sketch: Area Models
Present.gsp
Presentation Sketch: Geometric
Staircase Present.gsp
➤
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TE ACH I N G
Important Terms and Concepts
Series
Partial sum
Binomial series
Sigma notation
Term index
Arithmetic series
Geometric series
Telescope
Convergent series

Technology Resources

Pattern

1

2–3 days

Divergent series
Limit
Binomial series
Binomial expansion
Pascal’s triangle
Binomial coeﬃcients
Binomial formula (theorem)
Harmonic sequence
Harmonic series
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Activity: Area Models of
Geometric Series
Calculator Program: SERIES1
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Exploration Notes

Write a program to compute partial sums or download the Series program
provided at www.keymath.com/precalc. The program should use a sequence
formula stored in the grapher to calculate the term values and should allow you to
put in the desired number of terms. Then it should enter a loop that calculates the
term values one at a time and accumulates them by adding each term to a variable
such as S (for sum). At each iteration the program should have your grapher
display the current partial sum. The final output should be the last partial sum.
Your program should give

Exploration 15-3 requires students
to find partial sums by hand and
by using a grapher program. (The
grapher program will also be needed
for Explorations 15-3a, b, and d.) This
exploration makes a nice introduction
to Section 15-3. If you want students
to download the program, allow about
20 minutes for this activity. If you
want students to write the program,
allow 45–60 minutes.

S100  358,550
A partial sum can be written compactly using sigma notation. The symbol 4, the
uppercase Greek letter sigma, is often used to indicate a sum.
100

3 (n  4)(n)

S100 

n1

The expression on the right side of the equation is read “the sum from n equals 1
to 100 of (n  4)(n).” It means to substitute n  1, 2, 3, . . . , 100 into the formula,
perform the computations, and sum the results. The variable n is called the
term index. You may recall sigma notation from your work in Chapter 3.

See page 773 for notes on additional
explorations.
1. 8, 11, 14, 17, 20, 23
3.

Student Program

2. 93
4. 15,650

5. tn 5 n + 1;
S5 5 60 5 2 + 5 + 10 + 17 + 26

In this exploration you will find several partial sums of a series for which a
formula for tn is known.

2

6. 42,975
7. 1000, 1060, 1123.6, 1191.016;
S4 5 4374.616
8. tn 5 1000(1.06)n21. The program gives
the same answer.
9.

79,058.1862...

10. tn 5 800(0.9)n1,
S10 5 5210.5724..., S20 5 7027.3867...,
S50 5 7958.7697..., S100 5 7999.7875...,
S200 5 7999.9999...
11. The partial sums get closer and
closer to 8000.
12. Answers will vary.

Section Notes
This section focuses on series, developing
understanding of partial sums, sigma
notation, convergence, divergence, and
limits. It is recommended that you spend
at least two days on this section. Try to
cover the material through Example 3 on
the first day. Start with Exploration 15-3
so students will see both arithmetic and
geometric series on the first day.
Although limits of functions are usually
studied early in the first semester of
calculus, limits of sequences and series
are often not studied until the second
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E XPLOR ATION 15-3: Int r o d uc t i o n to S e r i e s
1. Write out the indicated terms of this series:
6

3
k1

3k  5

2. Evaluate the partial sum in Problem 1 by
summing the terms.
3. Use the Series program described in Example 1
to confirm the answer you got in Problem 2.
4. Use your Series program to evaluate S100 for
the series in Problem 1. That is, find
100

3
k1

3k  5

5. Figure out a formula for tn for this next series.
Then use your Series program to find the fift h
partial sum, S5, for the series. Confirm that
the program gives you the correct answer by
actually summing the first five terms:
2  5  10  17  26  . . .
6. Use your program to calculate the 50th
partial sum for the series in Problem 5.
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semester. The problems in Section 15-3
develop intuitive understanding of limits
and form a foundation for formal limit
problems in calculus, whether the limits
involve functions or series and sequences.
An nth partial sum, Sn, of a series is the
sum of the first n terms. The sum of a
series with an infinite number of terms is
defined to be the limit of the partial sums
as n approaches infinity. This is a diﬃcult
concept for students to understand so it

7. Write out the first four terms of the geometric
series with first term 1000 and common ratio
1.06. Calculate the fourth partial sum by
summing these terms.
8. Write a formula for the nth term of the
geometric series in Problem 7. Confirm that
your formula is correct by using the Series
program to find the fourth partial sum you
calculated manually in Problem 7.
9. Use your program to find the 30th partial
sum of the geometric series in Problem 7.
(This number is the amount of money you
would have at the end of 30 years if you
invested $1000 a year in a savings account
that pays an interest rate of 6% per year,
compounded annually.)
10. Calculate the partial sums S10, S20, S50, S100,
and S200, of the geometric series with first
term 800 and common ratio 0.9.
continued

is important to focus on the sum of an
infinite series. Students think that a series
such as 8 1 4 1 2 1 1 1 . . . cannot equal
16 because they do not fully understand
that the ellipsis indicates that the sum goes
on forever. A series whose partial sums
approach a limit is said to converge.
For Example 1 on page 768, students
need to write or download a program to
compute partial sums. Students also need to

EXPLORATION, continued
11. The partial sums in Problem 10 converge to
8000. What do you think this means?

12. What did you learn as a result of doing this
exploration that you did not know before?

Finding Partial Sums of Arithmetic Series Algebraically
Suppose you put $7 in a piggy bank the first day, $10 the second day, $13 the third
day, and so forth. The amounts you put in follow the arithmetic sequence
7, 10, 13, 16, 19, . . .

tn 5 t1 1 (n 2 1)d

The total in the piggy bank on any one day is a partial sum of the arithmetic
series that results from summing the appropriate number of terms in the
preceding sequence.

where n is the term number and d is the
common difference.

Day 1: 7

The textbook discussion prior to
Example 3 derives a formula for the
nth partial sum of a geometric series.
When showing the step in which 3S6 is
subtracted from S6, align the terms as
shown there.

Day 2: 7  10  17
Day 3: 7  10  13  30
Day 4: 7  10  13  16  46
.
.
.
Suppose you want to find S10, the tenth partial sum of the series:
S10  7  10  13  16  19  22  25  28  31  34  205
A pattern shows up if you add the first and last terms, the second and
next-to-last terms, and so forth.
S10  (7  34)  (10  31)  (13  28)  (16  25)  (19  22)
 41  41  41  41  41
 5(41)
 205
So a time-efficient way to find the partial sum algebraically is to add the first and last
terms and then multiply the result by the number of pairs of terms:
10(7  34)  5(41)  205
S10  ___
2

find an explicit formula for the sequence of
terms. This skill was developed in
Section 15-2.
Students can use  on a CAS in place
of the program, but it won’t show the
accumulation of sums—only the final
answer.
The piggy bank problem develops an
algebraic method for finding a partial
sum of an arithmetic series. The method

Example 2 on page 770 uses the algebraic
method to find the 100th partial sum of
an arithmetic series. To find the 100th
term of the sequence, it is necessary to
find an explicit formula for the sequence
and then to substitute 100 for n. You may
want to formalize the ideas from the last
section by presenting this formula for the
nth term of an arithmetic sequence:
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is the same one used by 9-year-old Karl
Friedrich Gauss (1777–1855) when asked by
his teacher to find the sum of the first 100
natural numbers. Students find this method
fascinating and usually want to try it on
their own algebraic sequence of numbers.
Emphasize that this method works only for
arithmetic sequences. So, for example, it
could not be used to find the partial sum in
Example 1.

This will help students see why the
middle terms cancel out, or telescope
(collapse like a pirate’s spyglass). It is
worth taking the time to go through
this proof so that students can see
why the middle terms telescope. This
technique comes up in other situations.
In calculus, for example, the proof of the
fundamental theorem of calculus also
involves middle terms that telescope.
Example 3 on page 771 applies algebraic
methods to find a partial sum for a
geometric series. As in Example 2, it is
necessary to find an explicit formula for
the sequence of terms. You may want to
formalize the ideas from the previous
section by presenting this formula for the
nth term of a geometric sequence:
tn 5 t1r n21
where n is the term number and r is the
common ratio. This result is summarized
at the end of this section.
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Section Notes (continued)

By associating the 2 in the denominator with (7  34), you can see that

Part b of Example 3 involves finding
the number of terms in a given
partial sum. The algebraic solution
involves using logarithms. Make sure
students understand why the solution
n . 251.1784... must be rounded up to get
the real-world answer. (n represents the
number of months, and because interest
is computed monthly and not for partial
months, n must be a whole number. The
amount first exceeds $50,000 on the
252nd month.)

7  34  10 20.5  205
S10  10 ______
2
So the nth partial sum is the same as the sum of n terms, each of which is equal to the
average of the first and last terms. This fact allows you to see why the pattern works
for an odd number of terms as well as for an even number.

EXAMPLE 2 ➤

Find algebraically the 100th partial sum of the arithmetic series 53  60  67  . . . .
Check the answer by calculating the partial sum numerically, as in Example 1.

SOLUTION

100 (53  746)  39,950
S100  ___
2

100
There are __
pairs, each equal to the sum of the
2
first term and the last term.

S100  39,950

Finding Partial Sums of Geometric Series
Algebraically
If you make regular deposits (for example, monthly) into a savings account, the total
you have in the account at any given time is a partial sum of a geometric series. It is
possible to calculate such partial sums algebraically.
Consider this sixth partial sum of a geometric series:
S6  7  21  63  189  567  1701
The first term is 7, and the common ratio is 3. If you multiply both sides of the
equation by 3 and add the result to the original sum, you get
S6  7  21  63  189  567  1701
3S6  21  63  189  567  1701  5103
S6  3S6  7  0  0  0  0  0  5103

S6  3S6  7  7 3 6
S6 (1  3)  7(1  3 6)
1  36
S6 7 ______
13
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Consider the geometric series
30 2 36 1 43.2 2 51.84 1 . . .
a. Tell whether or not the series converges.
b. If it does converge, find the limit to which
it converges.

Chapter 15: Sequences and Series

Middle terms
“telescope.”

The middle terms telescope, or cancel out, leaving only the first term of the top
equation and the last term of the bottom equation. So

Although this series is infinite, the
partial sums converge to the limit 200.
The text uses the formula for the partial
sum Sn to explain why this is true. Make
sure students understand why an infinite
geometric series converges only if | r |  1.
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➤

which agrees with the algebraic solution.

100 1 50 1 25 1 12.5 1 6.25 1 . . .

You may also want to present the next
example, which involves a divergent
geometric series.

Add 99 common differences to 53 to get the
100th term.

Check: Enter f1(x)  53  (x  1)(7). Then run your grapher program to get

The text introduces convergent and
divergent geometric series using a
problem about a person who starts out
200 cm from another person and then
takes steps, each of which is half the
remaining distance, to a second person.
Theoretically, the person will never
reach his destination. (Sometimes a
student will point out that eventually the
remaining distance will be less than the
size of the foot of the person approaching
the stationary person.) The total distance
covered is given by the infinite geometric
series

Example 4 on page 772 asks students to
find the limit of a series. Students are also
asked how many terms must be added to
be within a given amount of the limit.

t100  53  99(7)  746

5103 is 7 3 6.
Factor out S6 on the left and 7 on the right.
Divide both sides by (1  3).

Solution
236
a. The common ratio is ___
30 or 21.2. Because
| 21.2 | . 1, the series does not converge.

b. Because the series does not converge, it
has no limit.

In this form of the equation, 7 is the first term, t1. The 3 in the numerator and
denominator is the common ratio, r, and the exponent 6 is the number, n, of terms to
be added, demonstrating that, in general,
1  rn
Sn  t1 ______
1r
Verbally, you can remember this result by saying “First term times a fraction. The
fraction is 1 minus r n, divided by 1 minus r.”

EXAMPLE 3 ➤

If you deposit $100 a month into an account that pays 6% interest per year,
compounded monthly, then each deposit earns 0.5% interest per month. For instance,
after four deposits, the first deposit has earned three months’ interest, the second has
earned two months’ interest, the third has earned one month’s interest, and the last
has earned no interest. Thus, the total is
S4  100  100(1.005)  100(1.005) 2  100(1.005) 3
a. How much will be in the account after ten years (120 deposits)? How
much of this is interest?
b. How long will it take until the total in the account first exceeds $50,000?

SOLUTION

a. Algebraically: The series is geometric, with first term 100 and common
ratio 1.005.
1  1.005 120  16,387.9346...  $16,387.93
S120  100 __________
1  1.005
Numerically: Enter y  100(1.005) x1 into your grapher and run the Series
program.
S120  16,387.9346...  $16,387.93
The amount of interest is $16,387.93 minus $12,000, or $4,387.93.

The discussion of binomial series
mentions several patterns in the binomial
expansion. You may want to give your
students a few of the expansions and
let them describe the relationships they
notice. You can give them hints to steer
them toward uncovering the remaining
relationships. Be sure to emphasize the
relationships between the coeﬃcients
of the terms in a binomial series, the
numbers in Pascal’s triangle, and the
combination numbers.
Example 5 on page 774 asks students to
expand a binomial. Rewriting
(x 2 2y)4 as (x 1 (22y))4 will help
students avoid making errors involving
the negative sign.
In Example 6, make sure students
realize that because the first term of the
expansion of (3 2 2x)12 contains (22x)0
and because the power of 22x increases
by 1 with each term, the eighth term
contains (22x)7, not (22x)8.

b. Algebraically:
1  1.005 n  50,000
100 _________
1  1.005
1  1.005 n

Make Sn greater than 50,000.

2.5

1.005 n  3.5
n log 1.005  log 3.5
log 3.5
n  ________  251.1784…
log 1.005
It will take 252 months for the amount in the account to exceed $50,000.
Numerically: Store 100(1.005) x1 in your grapher and run the Series
program until the amount first exceeds 50,000. This will be $50,287.41
➤
at 252 months.
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Diﬀerentiating Instruction

Convergent and Divergent Geometric Series

• Exploration 15-3 involves some writing
that may be diﬃcult for ELL students.
Consider working through it as a class
activity.

Assume that a person who is 200 cm from another person is allowed to take steps
each of which is half the remaining distance. So the steps will be of lengths
100, 50, 25, 12.5, 6.25, . . .
The total distance traveled will be given by the geometric series

• The mnemonic at the top of page 771
may not be particularly helpful to
ELL students as it doesn’t fit in with
the English pattern that they know.
Consider allowing them to write the
formula on an index card to use when
they take their tests.

100  50  25  12.5  6.25  . . .
The person in motion will never go the entire 200 cm, but the partial sums of the
series converge to 200 as a limit.
S5  193.75
S10  199.8046...
S20  199.999809...
S30  199.9999998...

• Have students write in their journals
the formulas for the partial sums of
both types of series, both in their own
words, and in the words of the text,
and, for ELL students, perhaps in their
primary language.

The algebraic formula for Sn shows you why this happens:
1  0.5 n
Sn  100 _______
1  0.5
The value 0.5 n approaches zero as n becomes large. So you can write
1  0  100 2  200
lim S  100 _______
1  0.5
nm@ n
The symbol in front of Sn is read “the limit as n approaches infinity.” A geometric
series will converge to a limit if and only if the common ratio r satisfies the inequality
\ r \ 1. If \ r \  1 and t1 u 0, then the terms of the series do not go to zero, and the
series diverges. The partial sums do not approach a limit.

• After introducing geometric series
(through Example 4), review the
important terms to be sure they are
understood.

EXAMPLE 4 ➤

• Have students write in their journals
the binomial formula on page 774
and a numeric example. It may be
helpful to provide students with a copy
of the properties on page 775. They
should add numeric examples to help
illustrate these properties and keep
them with their journals. One copy
should be put into the journals and
numeric examples should be added
afterwards. A blackline master is
available in the Instructor's Resource
Book.
• Many of the problems in this section,
especially Problems 4–10, will require
language or cultural support.
• Some students may use different
algorithms for the long division in
Problem 8.
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SOLUTION

To what limit does the geometric series 50  45  40.5  . . . converge? How many
terms must be added in order for the partial sums to be within 1 unit of this limit?
45  0.9
r  ___
50
1  0.9 n  500(1  0.9 n)
; Sn  50 _______
50/(1  0.9)  50/0.1  500
1  0.9
lim S  500(1  0)  500
0.9 n approaches zero as n approaches
nm@ n
infinity.

0.9 5 = 0.5904...
0.910 = 0.3486...
0.9 50 = 0.0051...
0.9100 = 0.000026...
The larger the exponent,
the closer the result is to
zero.
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500(1  0.9 n)  499

Additional Exploration Notes

Make Sn greater than (500  1).

1  0.9  0.998
n

0.9

n

n log 0.9

0.002
log 0.002

Take the log of both sides.

log 0.002
n  ________ 58.9842...
log 0.9

Solve. Reverse the inequality because
log 0.9 is a negative number.

To be within 1 unit of the limit, 59 terms must be added.
➤

Round to the next higher term.

Binomial Series
If you expand a power of a binomial expression, you get a series with a finite number
of terms. For instance,
(a  b) 5  a 5  5a 4b  10a 3b 2  10a 2b 3  5ab 4  b 5
Such a series is called a binomial series or binomial expansion. You can see several
patterns in the binomial series that result from expanding (a  b) n .
t ć
 FSFBSF n  1) terms.
t &BDIUFSNIBTEFHSFFn because the exponents sum to n.
t ć
  FQPXFSTPGa start at a n and decrease by 1 with each term. The powers
of b start at b 0 and increase by 1 with each term.
t ć
 FDPFď
DJFOUTBSFTZNNFUSJDBMXJUISFTQFDUUPUIFFOETPGUIFTFSJFT
t ć
 FDPFď
DJFOUTGPSNBSPXPGPascal’s triangle:
(a  b) 0
(a  b)

1
1

1

(a  b) 2

1

(a  b) 3

1

(a  b) 4

Jia Xian, a Chinese
mathematician, discovered
the relationship between the
numbers in consecutive rows of
this triangle approximately
500 years earlier than Pascal did.

(a  b)
.
.
.

5

1

1
2

3

1

4

5

10

1
3

6
.
.
.

1
4

1

10

5

1

Each number in the interior of the triangle is the sum of the numbers to its
left and right in the previous row. The first and last numbers in each row
are 1.
t ć
 FDPFď
DJFOUTDBOCFDBMDVMBUFEVTJOHQBSUTPGUIFQSFDFEJOHUFSN
(coefficient of term)(exponent of a)
_____________________________
 coefficient of next term
term number
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Exploration 15-3a leads students to
discover a shortcut for finding the sum
of an arithmetic series. You might assign
this exploration instead of presenting the
introductory material in the “Finding
Partial Sums of Arithmetic Series
Algebraically” part of Section 15-3.
You can also use it as a review sheet or
homework assignment. Students will
need a grapher program or a CAS for
computing partial sums. Allow students
about 20 minutes.
Exploration 15-3b leads students to
discover a shortcut for finding the sum
of a geometric series. Students will
need a grapher program or a CAS for
computing partial sums. You might
assign this exploration instead of
presenting the introductory material in
the “Finding Partial Sums of Geometric
Series Algebraically” part of Section 15-3.
You can also use it as a review sheet or
homework assignment. Allow about
20 minutes.
Exploration 15-3c helps students discover
how the coeﬃcients of the terms in
a binomial expansion can be found
recursively and by using factorials. Allow
students about 20 minutes to complete
this exploration.
Exploration 15-3d requires students
to find terms and partial sums of
arithmetic or geometric series both
numerically and algebraically. Students
will need a grapher program or a CAS
for computing partial sums. You can
use this exploration as a quiz, as extra
homework, or as a review sheet. Allow
students 20–25 minutes to complete this
exploration.
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Technology Notes

For example, 5a 4b is the second term in the binomial series given earlier.
To find the coefficient of the third term, write
(5)(4)
_____
 10
2

Problem 53: The Dynamic
Geometric Series Problem
asks students to use the
Geometric Series Dynamic
Precalculus Exploration at
www.keymath.com/precalc to
explore a derivation of the formula
for the sum of a geometric series.

t ć
  FDPFď
DJFOUTDBOBMTPCFDBMDVMBUFEalgebraically. They are equal to
numbers of combinations of n objects taken r at a time, where r is the
exponent of b. From Section 14-5 you may recall, for example, that
5 4 3 2 1  10
5!  _____________
C2  ____
3! 2! (3 2 1)(2 1)

5

So the term containing b 2 is
5! a 3b 2
____

Presentation Sketch:
Area Models Present.gsp, at
www.keypress.com/precalc,
demonstrates geometric series as
sums of areas inside a square. It is
related to the activity Area Models
of Geometric Series.

3! 2!

The factorials in the denominator are the same as the exponents of a and
b. The factorial in the numerator is the sum of these exponents, which is
equal to the original exponent of the binomial. Because they appear as
5!
are
coefficients of the terms in a binomial series, expressions such as ___
3! 2!
sometimes called binomial coefficients. In general, the coefficient of the
n!
. Using combination notation, you can write
term containing b r is _______
(n  r)! r!
this expression as nCr. Another common way to write the same expression
is @nr , which is read “n choose r.” Recall that 0! is defined to equal 1. So
n
n
@0 1 and @n 1. Using this notation, you can write the binomial formula
for finding the terms of a binomial series (or “expanding a binomial”).

Presentation Sketch:
Geometric Staircase Present.gsp,
at www.keypress.com/precalc,
demonstrates geometric series as
sums of areas of squares that are
bounded by two intersecting lines.

Binomial Formula (or Binomial Theorem)
For any postive integer n and numbers a and b,
n
n
(a  b) n  a n  @ a n1b  @ a n2b 2  . . .  @ n a 2b n2  @ n ab n1 b n
n2
n1
1
2

Activity: Area Models of Geometric
Series, in the Instructor’s Resource
Book, leads students to dissect
a square to represent geometric
series and to investigate their sums.
This is for advanced Sketchpad
users and will take 40–50 minutes.

You can also write the binomial formula with sigma notation:
n

3 @nr a


(a  b) n  

r0

EXAMPLE 5 ➤
SOLUTION

Calculator Program: SERIES1
calculates the partial sums of a

EXAMPLE 6 ➤

t , as in Examples 1–3.
n51

n

The program is available at
www.keymath.com/precalc for
download onto a TI-83, TI-84, or
TI-Nspire grapher.

Use the binomial formula to expand the binomial ((x  2y) 4.
(x  2y) 4  x 4 @4 x 3(2y)  @4 x 2(2y) 2  @4 x(2y) 3  (2y) 4
1
2
3
 x 4  4x 3(2y)  6x 2(2y) 2  4x(2y) 3  (2y) 4

SOLUTION

Find the eighth term of the binomial expansion of (3  2x) .
For the eighth term, r  7 and n  12. Therefore,
12! (3) 5(2x) 7  792(243)(128x 7)  24,634,368x 7
8th term  ____
5! 7!
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Students can use a CAS to derive the partial
sums of a geometric series formula on
page 775. Although this should not be the
sole means of determining this formula,
the CAS result suggests two things:
1) A formula for the sum of a geometric
series with n terms exists, and 2) the
formula appears to result from a difference
even though the series is a summation.
The first may motivate some students
Chapter 15: Sequences and Series

➤
12

CAS Suggestions
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br

 x 4  8x 3y  24x 2y 2  32xy 3  16y 4

N

series

nr

to pursue the sum derivation while the
second suggests the approach described on
page 770. Consider working through this
with your class in order to spark classroom
discussion.

➤

This box summarizes the properties of series introduced in this section.

PROPERTIES: Formulas for Arithmetic, Geometric,
and Binomial Series
Arithmetic Series
The terms of an arithmetic sequence progress by adding a common
difference d.
tn  t1  (n  1)d

Add (n  1) common differences to the first term.

The nth partial sum of the arithmetic series is
n(t  t )
Sn  __
Add _n2 terms, each equal to the sum of the first and
n
2 1
last terms.
Geometric Series
The terms of a geometric sequence progress by multiplying by a common
ratio r.
tn  t1 r n1

Students can generate and verify new
practice problems, as in Examples 5
and 6, using a CAS. However, students
should not use this method as the
primary way to solve these types of
problems unless they lead to something
else, such as the outcomes from binomial
distributions in Chapter 14. Students
can create problems with any degree
and coeﬃcients, determine the solutions
without a CAS, and then use a CAS to
confirm their solutions. The figure shows
the use of the Expand command to
confirm the results of Examples 5 and 6.

Multiply the first term by (n  1) common ratios.

The nth partial sum of the geometric series is
1 r n
Sn  t1 ______
Multiply the first term by a fraction.
1r
The sum of an infinite geometric series with |r | 1 is
1
lim S  t1 _____
nm n
1r
Binomial Series
The terms of a binomial series come from expanding a binomial (a  b) n:
n!
a nrb r  @nr a nrb r
Term with b r  _________
(n  r)! r!
The sum of a binomial series, or the binomial formula, is
n

(a  b) n 

3 @nr a
r0

br

nr

Problem Set 15-3
Reading Analysis
From what you have read in this section, what do
you consider to be the main idea? What is the major
difference between a sequence and a series? What is
a partial sum of a series? What does it mean to say
that a geometric series converges? What is meant by
a binomial series?

5m

in

Quick Review

PRO B LE M N OTE S

Q1. Write the next two terms of this arithmetic
sequence: 10, 20, . . .
Q2. Write the next two terms of this geometric
sequence: 10, 20, . . .
Q3. Write the next two terms of this harmonic
sequence: _13 , _14 , _15 , _16 , . . .
Q4. Write the next two terms of this factorial
sequence: 1, 2, 6, . . .
Section 15-3: Series and Partial Sums

Q1.

30, 40

Q2. 40, 80
1, _
1
Q3. _
7 8
Q4. 24, 120
775

Note that the formula shown in the figure
is presented differently on a CAS than it is
in the text. Students should be comfortable
with either presentation. Mathematicians
tend to present the form in the text to give
a positive denominator when |r|  1 in the
case of convergent geometric series with
infinite terms.
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Problem Notes (continued)
Q5. 320
Q6.

275,612.2467...

Q7.

13

Q8.

25

Q9. Hyperbola


24 13
Q10.
26 17
Students can use ∑ on a CAS in
place of the program described in the
text to solve the problems in this section.
1a. 3 1 8 1 13 1 . . . 1 48; There is a
common difference of 5.

Q5. Find the 101st term of the arithmetic sequence
with first term 20 and common difference 3.
Q6. Find t101 for the geometric sequence with
t1  20 and r  1.1.
Q7. Find the product and simplify:
(2  3i)(2  3i).
Q8. Find
_›of these vectors:
_› the_›dot product
_›
(2i  3j ) (2 i  3j )
Q9. Which conic section is the graph of the equation
x 2  y 2  3x  5y  100?
Q10. Find the product of these matrices:

2b. 1820; The answers are the same.
2c. 8,716,961,000; Answers will vary.
3a.

13.4217... cm; 446.3129... cm

3b. The answers are getting closer and
closer to 500. You can make the answer
as close to 500 as you want by taking the
sum of enough terms. The maximum
depth the pile will attain is 500 cm,
regardless of how long it is pounded.
1
5 500 cm
3c. lim Sn 5 100 ? ______
n→
1 2 0.8

5 1
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Pile driver

1. Arithmetic Series Problem: A series has a
partial sum
10

h


3  3  (n  1)(5)

S10 

n1

i


Piling
(column)

a. Write out the terms of the partial sum. How
can you tell that the series is arithmetic?
b. Evaluate S10 three ways: numerically, by
summing the 10 terms; algebraically, by
averaging the first and last terms and
multiplying by the number of terms; and
numerically, by entering the formula for tn and
using your grapher program. Are the answers
the same?
c. Evaluate S100 for this series. Which method did
you use?
2. Geometric Series Problem: A series has a
partial sum
6

S6 

3

5 3 n1

Ground
Figure 15-3a

a. How far will the piling be driven on the tenth
impact? How deep in the ground will it be after
ten impacts?
b. Run the Series program using n  100. What
do you notice about the partial sums as the
grapher displays each sum? What does it mean
to say that the partial sums are “converging to
500”? What is the real-world meaning of this
limit to which the series converges?

a. Write out the terms of the partial sum. How
can you tell that the series is geometric?

c. Show how to calculate algebraically that
the limit to which the partial sums converge
is 500.

b. Evaluate S6 three ways: numerically, by
summing the six terms; algebraically, by
using the pattern (first term) times (fraction
involving r); and numerically, by entering
the formula for tn and using your grapher
program. Are the answers the same?

4. Harmonic Series Divergence Problem: If you stack
a deck of cards so that they just barely balance,
the top card overhangs by _12 the deck length, the
second card overhangs by _14 the deck length, the
third card overhangs by _16 the deck length, and so
on (Figure 15-3b).

776
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3. Convergent Geometric Series Pile Driver Problem:
A pile driver pounds a piling (a column) into
the ground for a new building that is being
constructed (Figure 15-3a). Suppose that on the
first impact the piling is driven 100 cm into the
ground. On the second impact the piling is driven
another 80 cm into the ground. Assume that the
distances the piling is driven with each impact
form a geometric sequence.

h
ih
i
3 2 4 3




1b. 255; Yes, the answers are the same.
1c. 25,050; Answers will vary.
2a. 5 1 15 1 45 1 . . . 1 1215; The
terms have a common ratio of 3.

c. Evaluate S20 for this series. Which method did
you use?

n1

Chapter 15: Sequences and Series

1 1
8 6

1
10

1
4

1
2

Total
overhang
Figure 15-3b

The total overhang for n cards is thus a partial
sum of this harmonic series:
4

6

8

10

12

a. The figure indicates that the total overhang
for four cards is greater than the length of the
deck. Show numerically that this is true.
b. How many cards would you have to stack in
order for the total overhang to exceed two deck
lengths?

d. Factor
from the terms, then group the
terms this way:
1 
1  __
1  __
1
1  __
1  __
1  __
1  __
__
1  __



2

@3

@5

4

6

7

8

i

  (next 8 terms)  (next 16 terms)  . . . 

Show that each group of terms inside the
brackets is greater than or equal to _12 . How
does this fact allow you to conclude that the
partial sums of a harmonic series diverge and
can get larger than any real number?
Month

1

2
100

100(1.01) 2

4

100(1.01) 3

4c.

5

100(1.01) 4

6

100(1.01) 5

 1 1 _
 1 5 _
 1 ,
 1 5 _
 1 , _
 1 1 _
 1 . _
4d. 1 . _
 1 , _
2 2 2 3 4 4 4 2
1 1 _
 1 1 _
 1 . _
 1 1 _
 _
 1 1 _
 1 1 _
 1 1 _
 1 5 _
 1 ,
5 6 7 8 8 8 8 8 2
etc. So the sum is greater than
1  _
 1 1 _
 1 1 . . . .
 _
 1 1 _
2 2 2 2
5a. The series is geometric because
there is a common ratio, 1.01. The
amount at the fifth month is the fifth
partial sum because it is the sum of the
first five terms of the series; $510.10.



a. Explain why the amount in the account at
the fifth month is the fifth partial sum of a
geometric series. Calculate this amount using a
time-efficient method.
b. If you continue the regular $100 monthly
deposits, how much will be in the account at
the end of ten years? How much of this will
be interest?
c. How many months would it take until the total
first exceeds $100,000?

3

Dollars 100 100(1.01) 100(1.01)

100(1.01)

3

If you make regular $100 deposits each month, each
deposit follows the geometric sequence shown in the
table below.

out _12

h

100

2

Dollars



c. What would the total overhang be for a
standard 52-card deck hanging over the edge
of a table? Is this surprising?

2

1

Month

1  __
1  __
1  ___
1 . . .
1  ___
1  __
__
2

Problem 4 associates the terms of the
harmonic series into groups of fractions,
each with a sum greater than or equal
to _ 12 . Students may need guidance to
realize that the sum of the harmonic
series grows without bound because it
is greater than the sum of an infinite
number of  _12  ’s.
1  cards.
 1 1 _
 1 1 _
 1 5 1 __
4a. _
 1 1 _
2 4 6 8
24
4b. 31 cards

5. Geometric Series for Compound Interest Problem:
Suppose you invest $100 in an investment
account that pays 12% interest per year,
compounded monthly. The amount during any
one month is 1.01 times the amount the month
before. The amounts follow the geometric
sequence shown in the table.

Cards balanced

4
2

100(1.01)

5
3

100(1.01)

6
4

100(1.01)

2.2690... cards

5b.

$23,003.87; $11,003.87

5c.

241 months


5



100(1.01)

100(1.01) 2

100(1.01) 3

100(1.01) 4



100

100(1.01)

100(1.01) 2

100(1.01) 3



100

100(1.01)

100(1.01)



100

100(1.01)



100



2
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Problem Notes (continued)
6a.

$7,410.96

6b.

$71.57 per month

7a.
n

P

In

Pn

Bn

4 1,050.00 999.25 50.75 199,798.49
7b. B1 5 B0(1 1 I ) 2 P
B2 5 B1(1 1 I ) 2 P
5 (B0(1 1 I ) 2 P )(1 1 I ) 2 P
5 B0(1 1 I )2 2 P (1 1 I ) 2 P
B3 5 B2(1 1 I ) 2 P
5 (B0(1 1 I )2 2 P(1 1 I ) 2 P)(1 1 I ) 2 P
5 B0(1 1 I )3 2 P (1 1 I )2 2 P (1 1 I ) 2 P
B4 5 B3(1 1 I ) 2 P
5 B0(1 1 I )4 2 P (1 1 I )3 2 P (1 1 I )2
2 P (1 1 I ) 2 P
B4 5 B0(1 1 I )4 2 P (1 1 I )3
2 P (1 1 I )2 2 P (1 1 I ) 2 P
5 B0(1 1 I )4 2 P (1 1 (1 1 I )
1 (1 1 I )2 1 (1 1 I )3)
1 2 (1 1 I )4
5 B0(1 1 I )4 2 P__________
1 2 (1 1 I )
1 2 (1 1 I )4
5 B0(1 1 I )4 2 P__________
2I
P 1 2 (1 1 I )4
5 B0(1 1 I ) 1 __

I

6. Present Value Compound Interest Problem:
Suppose money is invested in a savings account
at 3% annual interest, compounded monthly.
Because the interest rate is 0.25% per month,
the amounts in the account each month form a
geometric sequence with common ratio 1.0025.
a. Find the amount you would have to invest now
to have $10,000 at the end of ten years. This
amount is called the present value of $10,000.
b. If you invest x dollars a month in this account,
the total at the end of each month is a partial
sum of a geometric series with x as the first
term and common ratio 1.0025. How much
would you have to invest each month in order
to have $10,000 at the end of ten years?
7. Geometric Series Mortgage Problem: Suppose
someone takes out a $200,000 mortgage (loan) to
buy a house. The interest rate, I, is 0.5% or 0.005
per month (6% per year), and the payments, P,
are $1050.00 per month. Most of the monthly
payment goes to pay the interest for that month,
with the rest going to pay on the principal, thus
reducing the balance, B, owed on the loan. The
table shows payment, interest, principal, and
balance for the first few months.
Month,
n

n = 610.4254...; 611 months

7d.

B ($1000)

Interest

200,000.00

1

1050.00

1000.00

50.00

199,950.00

2

1050.00

999.75

50.25

199,899.75

3

1050.00

999.50

50.50

199,849.25

a. Show that you understand how the table is
constructed by calculating the row entries for
month 4.
b. The balance, B1, after one month is given by
the equation

100

B1  B0  B0I  P B0(1  I)  P

n

Show that the balance after four months can be
written

300

B4  B0(1  I)  P(1  I)  P(1  I)
 P(1  I)  P
4

False: Halfway through the mortgage
(month 305), the balance is still
$164,222.84, about 82% of the original
amount.
8a. By long division,
1 5 1 1 r 1 r2 1 r3 1 . . .
____
12r
Multiply the result by t1 to get
1 5 t 1 t r 1 t r2 1 t r3 1 . . .
t1 ____
1
1
1
1
1 2 r
8b. Answers will vary.
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Balance,
Bn

Principal

0

4

7c.

Payment,
P
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Problem 9 illustrates the connection
between binomial probabilities and a
binomial expansion. Students solved
problems similar to this in Chapter 14. Note
that in the expression (0.4 1 0.6)5, 0.6 is the
probability that the tack will land point up
on any one toss and 0.4 is the probability
that it will land point down. Because
these are the only possible outcomes, the
probabilities add to 1.

2

Then use the formula for the partial sum of a
geometric series to show that
1  (1  I) 4
B4  B0(1  I) 4  P ___________
1  (1  I)
h
i
P
__
4
1  (1  I) 4 
 B0(1  I)  
I
c. The formula in part b can be generalized
to find Bn by replacing the 4’s with n’s. Use
this information to calculate the number of
months it takes to pay off the mortgage; that is,
find the value of n for which Bn  0.
d. Plot the graph of Bn as a function of n from
n  0 to the time the mortgage is paid off.
Sketch a smooth curve showing the pattern
followed by the points. True or false: “Halfway
through the duration of the mortgage, half of
the mortgage has been paid off.” Explain your
reasoning.
8. Geometric Series by Long Division Problem:
The limit, S, of the partial sums of a convergent
geometric series is given by
1
S  t1 _____
1r
where t1 is the first term of the sequence and r is
the common ratio.
a. Use long division to divide (1  r) into 1.
Show that the result is the geometric series
S  t  t r  t r2  t r3  t r4  t r5  . . .
1

1

1

1

1

1

b. The result illustrates the way you can do
mathematical problems “backward” as well as
“forward.” Give another instance in which you
can use this forward-and-backward feature.
9. Thumbtack Binomial Series Problem: If you flip
a thumbtack five times, there are six possible
numbers of “point-ups” you could get: 0, 1, 2, 3, 4,
and 5. If the probability of “point-up” on any one
flip is 60% (0.6), then the probabilities of each of
the six outcomes are terms in the binomial series
you get from expanding
(0.4  0.6) 5
The probability of exactly three “point-ups” is the
term that contains 0.6 3.
a. Calculate the six terms of the binomial series.

Recall from Chapter 14 that if
the binomial in Problem 9 is stated as
(0.6u + 0.4d)5, the coeﬃcients of each term
will be the desired probabilities, and the
exponents will show the number of points
up and points down in each individual
outcome.
9a. 0.01024; 0.07680; 0.23040; 0.34560;
0.25920; 0.07776

b. What is the probability of exactly three
“point-ups”?

a. Find the total perimeter of the first iteration.
Find the total perimeter of the second
iteration. What type of sequence do the lengths
of the iterations form? How do you conclude
that the perimeter of the completed snowflake
curve is infinite?

c. Explain why the probability of no more than
three “point-ups” is a partial sum of this
binomial series. Calculate this probability.
d. Calculate the probability of no more than six
“point-ups” in ten flips of the thumbtack. Is the
answer the same as the probability of no more
than three “point-ups” in five flips?
10. Snowflake Curve Series Problem: Figure 15-3c
shows Koch’s snowflake curve, which you may
have encountered in Section 13-5.

1

1

1

1

1

1

First iteration
1

Second iteration

1
1

For Problems 11–14, write out the terms of the partial
sum and add them.

1

9 1 11 1 13 1 15 1 17 5 65

12. 1 1 4 1 9 1 16 1 25 1 36 1 49
5 140
13. 3 1 9 1 27 1 81 1 243 1 729
5 1092
15.

24,414,062

16.

26,233

17.

12,171.6

For Problems 15–22, each series is either geometric
or arithmetic. Find the indicated partial sum
algebraically.
15. For 2  10  50  . . . , find S .

18.

9,203,978.8431...

19.

242,120

16. For 97  131  165  . . . , find S37.

11. S5 

3 2n  7

12. S7 

3n

13. S6 

3

14. S6 

3

n1
6

3 n

n1

2

n1
6

n!

n1

20. 9015.2290...
21.

2738,100

17. For 24  31.6  39.2  . . . , find S54.
18. For 36  54  81  . . . , find S .

22.

2,923,003,287.1618...

19. For 1000  960  920  . . . , find S78.
20. For 1000  900  810  . . . , find S .

23.

26

24.

15

21. For 50  150  450  . . . , find S10.
22. For 32.5  52  83.2  . . . , find S .

25.

19

26.

83

For Problems 23–28, the series is either arithmetic or
geometric. Find n for the given partial sum.
23. For 32  43  54  . . . , find n if S  4407.

27.

31

28.

14

29

22

In the first iteration, segments 1 unit long are
marked on the sides of an equilateral triangle
with sides 3 units, and three equilateral triangles
(shaded) are drawn. In the second iteration,
equilateral triangles with sides _13 unit are
constructed on each side of the figure from
the first iteration. The iterations are carried on
this way infinitely. The snowflake curve is the
boundary of the resulting figure.

11.

1 1 2 1 6 1 24 1 120 1 720 5 873

7

11

Figure 15-3c

Problems 11–22 are trivial on
a CAS.

14.

5

1

1

b. What is the total area of the shaded triangles
in the first iteration? What area is added to
this by the shaded triangles in the second
iteration? What type of series do the areas of
the iterations form? Does this series converge?
If so, to what number? If not, show why not.

Problems 11–52 are routine problems
designed to provide drill and practice.

41

n

24. For 13  26  52  . . . , find n if Sn  425,971.
25. For 18  30  50  . . . , find n if S  443,061.
n

26. For 97  101  105  . . . , find n if Sn  21,663.
27. For 97  91  85  . . . , find n if Sn  217.
(Is this surprising?)
28. For 60  54  48.6  . . . , find n if S  462.74.
n

9b.

About 34.6%

9c. Letting X 5 the number of “point-ups”
out of five flips, the first four terms of the
series,
P (X  3) 5 P (X 5 0) 1 P (X 5 1)
1 P (X 5 2) 1 P (X 5 3)
5 0.01024 1 0.07680 1 0.23040 1 0.34560
5 0.66304, about 66.3%
9d.

Section 15-3: Series and Partial Sums
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Problem 10 revisits Koch’s snowflake curve
from Chapter 13.
10a. 12 units; 16 units; geometric; r . 1, so
perimeter__→ 
__
33 units2 ; ____
3 units2; geometric;
10b. ____
4
36
It converges to 2.3382... units2.

About 61.8%, not the same probability

Section 15-3: Series and Partial Sums
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Problem Notes (continued)

For Problems 29–36, state whether the geometric series
converges. If it does converge, find the limit to which it
converges.
29. 100  90  81  . . .

Students using a CAS or TI-Nspire
grapher can calculate the solutions to
Problems 29–36 in one step. Problems 30
and 31 are shown in the figure.

30. 25  20  16  . . .
31. 40  50  62.5  . . .
32. 200  140  98  . . .
33. 300  90  27  . . .
34. 20  60  180  . . .

For Problems 37–42, expand as a binomial series and
simplify.
37. (x  y)

29. Converges; lim Sn 5 1000
Diverges

31.

39. (2x  3) 5

40. (3a  2) 4

n→

41. (x 2  y 3) 6

42. (a 3  b 2) 5

2

For Problems 43–52, find the indicated term in the
binomial series.

11
Converges; lim Sn 5 117 __

32.

38. (4m  5n)

n→

30. Converges; lim Sn 5 125
n→
17
4
Converges; lim Sn 5 428 _
n→
7
34. Diverges
32
35. Converges; lim Sn 5 512 __
n→
39
36. Converges; lim Sn 5 1080

33.

43. (x  y) 8, y 5-term

44. (p  j) 11, j 4-term

45. (p  j) 15, j 11-term

46. (c  d) 19, d 15-term

47. (x  y ) , x -term

48. (x 3  y 2) 24, x 30-term

49. (3x  2y) , y -term

50. (3x  2y) 7, y 4-term

51. (r  q) 15, 12th term

52. (a  b) 17, 8th term

3

2 13
8

n→

18

5

Dynamic Geometric Series Problem: Go to
www.keymath.com/precalc and open the
Geometric Series exploration. Explain in writing
how this exploration results in the derivation of
the formula for the sum of an infinite geometric
series. What effect does the value of r have on
this result?

54. Partial Sum Proof Problem:

35. 1000  950  902.5  . . .
36. 360  240  160  . . .

3

53.

a. Prove that for an arithmetic series with first
term t1, nth term tn, and common difference d,
the nth partial sum is given by the formula
n (t  t )
Sn  __
n
2 1
b. Prove that for a geometric series with first term
t1, nth term tn, and common ratio r, the nth
partial sum is given by
1  rn
Sn  t1 ______
1r
55. Journal Problem: Update your journal with things
you have learned in this chapter. Include the
difference between a sequence and a series and
what makes a sequence or series arithmetic or
geometric. Explain how partial sums of series can
be calculated numerically and how calculations
for arithmetic, geometric, and binomial series can
be performed algebraically.

Students can use a CAS to confirm
their solutions to Problems 37–52. See
Additional CAS Problem 1 for a CAS
alternative.
40. 81a4 1 216a3 1 216a2 1 96a 1 16
41. x12 1 6x10y 3 1 15x 8y6 1 20x 6y9
1 15x 4y12 1 6x 2y15 1 y18
42. a15 2 5a12b 2 1 10a9b4 2 10a6b6
1 5a3b8 2 b10
43.

56x 3y 5

44. 330p 7j 4

45.

21365p 4j 11

46.

23876c4d15

Problems 47 and 48 are a little tricky. For
instance, in Problem 47, students need to
recognize that x18 is equivalent to (x3)6;
thus the x18-term is actually the eighth
term in the expansion of (x3 2 y2)13.
−1716x18y14

48.

1,961,256x30y 28

49. 48,384x 3y 5

50.

15,120x3y4

51. 21365r 4q11

52. 219,448a10b7

47.

See pages 1054–1055 for answers to
Problems 37–39 and 54a,
and CAS Problems 1 and 2.
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Answers will vary.

54b. Sn 5 t1 1 rt1 1 r t1 1 . . .
1 r n21 t1
2rSn 5 2rt1 2 r 2t1 2 . . .
2 r n21 t1 2 r nt1
Sn 2 rSn 5 t1 1 0 1 0 1 . . . 1 0 2 r nt1
⇒ (1 2 r)Sn 5 t1 1 2 r n 
Divide both sides of the resulting equation
by 1 2 r to obtain the formula
1 2 r n . q.e.d.
Sn 5 t1 ? _____
12r
55. Journal entries will vary.
2

Additional CAS Problems
1. One of the terms in the expansion of
(ax + by)n is 2,334,744,405x2y8. If a, b,
and n are all positive integers, what is the
value of each?
2. What is the probability of landing point
up for an individual thumbtack flip if the
probability of landing point up at least
four times in five flips is exactly 0.5?

15- 4 Chapter Review and Test
In this chapter you studied sequences of numbers. You can consider these
sequences to be functions in which the independent variable is an integer
(the term number) and the dependent variable is the term itself. For some
sequences you can find the term values either recursively as a function
of the preceding term or explicitly as a function of the term number.
Then you learned about series, which are sums of the terms of sequences.
You can calculate partial sums of series numerically using your grapher.
For arithmetic and geometric series, you can also calculate partial sums
algebraically.

The length of each cycle in this
French braid is a term in a series,
and the total length of the braid
is a partial sum.

Review Problems
R0. Update your journal with what you have learned
in this chapter. Include things such as
t ć
 FEJČFSFODFCFUXFFOBTFRVFODFBOE
a series
t ć
 FTJNJMBSJUJFTBOEEJČFSFODFTCFUXFFO
arithmetic and geometric series
t ć
 FNFBOJOHBOEDPNQVUBUJPOPGUFSNTJOB
binomial series
t /VNFSJDBMXBZTUPDPNQVUFUFSNWBMVFTBOE
partial sums of various kinds of series
t "MHFCSBJDXBZTUPDPNQVUFUFSNTBOEQBSUJBM
sums of arithmetic and geometric series
t "OBMHFCSBJDXBZUPĕOEUIFTVNPGBO
infinite geometric series with \ r \ 1
R1. a. Find the next two terms of the arithmetic
sequence 5, 8, 11, 14, . . . .
b. Find the sixth partial sum of the arithmetic
series 5  8  11  14  . . . .
c. Show that the sixth partial sum in part b
equals 6 times the average of the first and
last terms.
d. Find the next two terms of the geometric
sequence 5, 10, 20, 40, . . . .
e. Find the sixth partial sum of the geometric
series 5  10  20  40  . . . .
R2. a. Is the sequence 23, 30, 38, . . . arithmetic,
geometric, or neither?
b. Find t200, the 200th term of the arithmetic
sequence 52, 61, 70, . . . .

R0.

Journal entries will vary.

Students can write explicit formulas
for Problems R1a, R1d, and R2b–R2h, and
then use a Solve or Seq command on a
CAS to calculate the results.
R1a.

17; 20

R1c.

75 5 6 ?

R1d. 80; 160
R2a.

Neither

R2c. 392

R1b. 75

5 1 20
______
2

R1e.

315

R2b.

1843

R2d.

3731.7732...

c. 3571 is a term of the sequence in part b. What
is its term number?
d. Find t100, the 100th term of the geometric
sequence with t1  200 and r  1.03.
e. tn  5644.6417... is a term of the sequence in
part d. What does n equal?
f. Write a recursion formula and the next
three terms for the sequence
0, 3, 8, 15, 24, . . . .
g. Write an explicit formula for the sequence in
part f and use it to calculate the 100th term.
h. Monthly Interest Problem: Suppose you invest
$3000 in an account that pays 6% interest
per year (0.5% per month), compounded
monthly. At any time during the first month,
you have $3000 in the account. At any time
during the second month, you have $3000
plus the interest for the first month, and
so on.
i. Show that the month number and
the amount in the account during that
month have the add–multiply property
of exponential functions. Explain
why a sequence is a more appropriate
mathematical model than a continuous
exponential function.
ii. In what month will the amount first
exceed $5000?
iii. If you leave the money in the account
until you retire 50 years from now, how
much will be in the account?
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R2e.

114

R2f.

un 5 2un21 2 un22 1 2; 35; 48; 63

R2g.

tn 5 n2 2 1; 9999

R2h. i. Every time you add one month,
you multiply the amount by 1.005. The
sequence is more appropriate because
the interest compounds monthly, not
continuously.
R2h. ii.

The 104th month

R2h. iii.

$59,807.87

Sec tion 15- 4
PL AN N I N G
Class Time

2 days (including 1 day for testing)

Homework Assignment

Day 1: Problems R0–R3, T1–T24
Day 2 (after Chapter 15 Test):
Problem Set 16-1

Teaching Resources

Exploration 15-4a: A Power Series for a
Familiar Function
Exploration 15-4b: Complex Numbers in
Exponential Form
Test 41, Chapter 15, Forms A and B

TE ACH I N G
Important Terms and Concepts
Power series

Section Notes
Section 15-4 contains a set of review
problems, a set of concept problems,
and a chapter test. The review problems
include one problem for each section
in the chapter. You may wish to use the
chapter test as an additional set of review
problems.
Encourage students to practice the
no-calculator problems without a
calculator so that they are prepared for
test problems for which they cannot use
a calculator.

Diﬀerentiating Instruction
• ELL students may need help with
Problems R2h, R3j, and R3k. Consider
having students do these and the
concept problems in pairs or working
through them as a class.
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Diﬀerentiating Instruction (continued)
• Go over the review problems in class,
perhaps by having students present
their solutions. You might assign
students to write up their solutions
before class starts.

R3. a. Write the terms of the sixth partial sum of
this series:
n

k1

c. Show that the partial sum in part a equals
6 times the average of the first and last terms.
d. 418,440 is a partial sum of the series in part a.
Which partial sum is it?
e. A geometric series has t1  4000 and
r  0.95. Find the 200th partial sum of this
series numerically using your grapher.
f. Find the 200th partial sum in part e again,
this time algebraically using the formula
for Sn.

• Consider giving a group test the day
before the individual test, so that
students can learn from each other
as they review, and they can identify
what they don’t know prior to the
individual test. Give a copy of the test
to each group member, have students
work together, then randomly choose
one paper from the group to grade.
Grade the test on the spot, so students
know what they need to review further.
Make this test worth _13 the value of the
individual test, or less.

• ELL students will benefit from having
access to their bilingual dictionaries
while taking the test.
• Consider allowing ELL students to
use an index card with the formulas
written on it for the test.
• Consider providing students with a
copy of the properties on page 775 for
use on the test.

g. 78,377.8762... is a partial sum of the series in
part e. Which partial sum is it?
h. To what limit do the partial sums of the series
in part e converge?
i. Write the term containing b 7 in the binomial
expansion of (a  b) 13.
j. Vincent and Maya’s Walking Problem: Vincent
and Maya start walking at the same time from
the same point and in the same direction.
Maya starts with a 12-in. step and increases
her stride by _12 in. each step. She goes
21 steps, then stops. Vincent starts with a
36-in. step, and each subsequent step is 90%
as long as the preceding one.

Exploration 15-4a introduces the concept
of power series. By calculating the partial
sums at different x-values, students are
led to recognize that these partial sums
give estimated values for f(x) 5 ex. Allow
20–25 minutes.
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ii. How long is Maya’s last step? How long is
Vincent’s 21st step?
iii. After each has taken 21 steps, who is
ahead? Show how you reached your
conclusion.
iv. If Vincent keeps walking in the same
manner, will he ever get to where Maya
stopped? Explain.
k. Vitamin C Dosage Problem: When you
take a dose of medication, the amount
of medication in your body jumps up
immediately to a higher value and then
decreases as the medication is used up and
expelled. Suppose you take 500-mg doses of
vitamin C each 6 h to fight a cold. Assume
that by the time of the second dose only 60%
of the first dose remains. How much vitamin C
will you have just after you take the second
dose? Just after the third dose? Show that the
total amount of vitamin C in your system
is a partial sum of a geometric series. How
much vitamin C will you have in your system
at the end of the fourth day, when you have
just taken the 16th dose? What limit does the
amount of vitamin C approach as the number
of doses approaches infinity?

Concept Problems
C1. Tree Problem: A treelike figure is drawn as
shown in Figure 15-4a. The first year, the
tree grows a trunk 2 m long. The next year,
two branches, each 1 m long, grow at right
angles to each other from the top of the trunk,
symmetrical to the line of the trunk.
In subsequent years, each branch grows
two new branches, each half as long as the
preceding branch.

Trunk, 2 m

Figure 15-4a
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Exploration Notes

i


b. How do you know that the series in part a
is an arithmetic series?

• Because many cultures’ norms highly
value helping peers, ELL students often
help each other on tests. You can limit
this tendency by making multiple
versions of the test.

• ELL students may need more time to
take the test.

h


3 2  (k  1)(3)

i. What kind of sequence do Maya’s steps
follow? What kind of sequence do
Vincent’s steps follow?

Chapter 15: Sequences and Series

Exploration 15-4b gives the power series
expansions for f(x) 5 sin x, g(x) 5 cos x,
and h(x) 5 ex. Using these power series,
students discover the exponential form of
complex numbers. Allow 20–25 minutes.

PRO B LE M N OTE S
R3a.

2 1 5 1 8 1 11 1 14 1 17

R3b. There is a common difference, 3.
2 1 17 5 57
R3c. 6 ? ______
2
R3d. The 528th partial sum
R3e. sum(seq(4000?0.95 (N21),N,1,200,1))
5 79,997.1957....
2 0.95200 5 79,997.1957...
R3f. 4,000 ? 1________
1 2 0.95
R3g. The 76th term

a. Show that the lengths of the branches form a
geometric sequence.

a. Describe the pattern followed by the term
values. Use this pattern to find the term value
for Uranus, planet 8.

b. Find the height of the tree after 2 yr, 3 yr,
and 4 yr.

b. Planets 9 and 10, Neptune and Pluto (a dwarf
planet), have distances corresponding to the
numbers 301 and 395, respectively. Are these
numbers terms of the sequence? Justify your
answer.

c. Show that the height of the tree is the partial
sum of two geometric series. What is the
common ratio of each?
d. Suppose the tree keeps growing like this
forever.
i. What limit will the height approach?
ii. What limit will the width approach?
iii. What limit will the length of each branch
approach?
iv. What limit will the total length of all
branches approach?
v. How close to the ground will the lowest
branches come?
C2.

Bode’s Law Problem: In 1766, Johann
Titius, a German astronomer, discovered that
the distances of some planets from the Sun are
proportional to the terms of a rather simple
sequence:
Term
Number

Name

1

Mercury

2

Venus

7

3

Earth

10

4

Mars

16

5

Ceres

28

6

Jupiter

52

7

Saturn

100

c. Find a formula for tn, the term value, in terms
of n, the planet number. For what values of n is
the formula valid?
d. The dwarf planet Ceres was found by looking
at a distance from the Sun calculated by Bode’s
law. If you were to look beyond Pluto for
planet 11, how far from the Sun would
Bode’s law suggest that you look? (Earth is
93 million miles from the Sun.)
e. Consult the Internet or some other reference
source to see why Titius’s discovery is called
Bode’s law.
C3. Binomial Series with Noninteger Exponent
Problem: If you raise a binomial to a noninteger
power, such as (a  b) 1.8, you can still find the
coefficient of the next term from the pattern

Term
Value

4

(Mercury, at 4, does not fit the sequence. Ceres
is a dwarf planet in the asteroid belt.)

(coefficient)(exponent of a)
_______________________
(term number)
a. Write the first five terms of the binomial
expansion of (a  b) 1.8.
b. The series in part a has an infinite number of
terms. A binomial series for a positive integer
exponent may also be considered to have an
infinite number of terms. Use the coefficient
pattern in this problem to show what happens
beyond the b 5-term in the expansion of
(a  b) 5 and why such series seem to have a
finite number of terms.

The concept problems are an excellent
source of material for extra credit,
extensions of the material, or an extra
group assignment.
Problem C1 connects geometric
sequences and series with limits and
fractals.
1 , _
1 
 1 , . . . ; t1 5 2, r 5  _
C1a. 2, 1,  _
2 4
2
C1b. H2 5 2.7071... m; H35 3.2071... m; 
H45 3.3838...__ m
__


2  _

1
1
___
_
___
 1 _
 1 
C1c. 2 1    1    1    ?   2 
2 4 2
8
__ 2

2 

1
1
1
__
___
_
_
.
.
.
1    ?    1
5  2 1    1    1 . . . 
2 8
16 2
__

__

__



 2 
 2 
 2 

 1 _
 1 ? ___
 1 __
  1  ?  ___
 1 . . . ;
1  ___
 
 



4 2
2
16 2
1 .
in both subsequences, r 5  _
4
C1d. i. 3.6094... m C1d. ii. 3.2189... m
C1d. iii. 0

C1d. iv. 

C1d. v. 2.3047... m above the ground.
Problem C2 introduces an empirical
pattern in the spacing of the planets from
the Sun. Bode’s law, first published by
Johann Titius in 1766, was not widely
known until Johann Bode republished it.
Search the Internet for Bode’s law.
C2a. Ignoring Mercury in this and all
successive problems, and starting with
Venus as t2 , the successive differences
are 3, 6, 12, 24, and 48, that is, the first
difference is 3 and each difference is
twice the previous difference.
Uranus: t8 5 196.
C2b. No.
196 1 2 ? 96 5 388; 388 1 2 ? 192 5 772.

R3h. 80,000
R3i. 1716a6 b7
R3j. i. Maya: arithmetic;
Vincent: geometric
Maya: 22 in.; Vincent: < 4.38 in.
22
R3j. iii. Maya: S 215 21 ? ______
 12 1 
2
5 357 in.;
21
Vincent: S21
 5 36 ? _______
 1 2 0.9  5 320.6091...
1 2 0.9
< 320.6 in.;
Vincent is behind by 36.3908... < 36.4 in.
R3j. ii.
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R3j. iv. Yes. For Vincent,
   
lim S 5 36 ? ______
  1  5 360 . 357.
x→ n
1 2 0.9

Second dose: 800 mg; third dose:
n
1  0.6n . The
980 mg; nth dose:   500

  ______
1  0.6
x1
total after n doses is the nth partial sum of
a geometric series with first term 500 and
common ratio 0.6.
Sixteenth dose: < 1249.6 mg
   
lim S 5 500 ? ______
  1  5 1250 mg
x→ n
1 2 0.6
R3k.



C2c.

 , for n $ 2.
tn5 4 1 3 ? 2n22

C2d.

<14 million mi

C2e. Bode’s law was published by
Johann Elert Bode in 1772. The law is a
result of the work of Titius and Bode in
the late 1700s.
C3a.

 1.8; 1.8a0.8b; 0.72a20.2
a
 b2;
20.048a21.2b3; 0.0144a22.2
 b4

See page 1055 for the answer to
Problem C3b.
Section 15-4: Chapter Review and Test
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Problem Notes (continued)
Problem C4 introduces the idea of a
power series, which students will study
in calculus.

C4. Power Series Problem: In these three power
series, each term involves a nonnegative
integer power of x. (Such series are also called
Maclaurin series or Taylor series.)
1 x3  . . .
1 x 2  __
f (x)  1  x  __
2!
3!

Additional CAS Problems 1–5
provide an extension of Problem C4.

1 x 3  __
1 x 5  __
1 x 7 . . .
g (x)  x  __
3!
5!
7!
1 x 2  __
1 x 4  __
1 x 6 . . .
h(x)  1  __
2!
4!
6!

C4a. f(0.6) 5 1.8221128; e0.6 < 1.8221128
C4b. g(0.6) 5 0.564642;
sin 0.6 < 0.5646424734;
0.5646444 1 0.000000028
5 0.564642473...
C4c. h(0.6) 5 0.8739352; h(x) seems to
be close to cos x.
C4d. The graphs appear to coincide on
the approximate interval 24  x  4.
y

1

5th
partial
sum

x

1
sin x

6, 12, 24, 48, 96; S5 5 186

T1.

7, 10, 13, 16, 19, 22; S6 5 87
n t 1 t 
T3. Sn 5 __
n
2 1
T4. Neither. Because the common
second differences—the differences of
the differences—are constant, this is a
quadratic series.

T2.

T5. 7 ? 1 1 7 ? 3 1 7 ? 9 1 7 ? 27 5 280
T6.
T7.
T8.

Geometric; the common ratio is 3.

15! a6b9
_____

6!  9!
tn 5 tn21 1 4 with t1 5 17

a. Evaluate the seventh partial sum of the series
for f (0.6) (terms through x 6). Show that the
answer is close to the value of e 0.6, where e is
the base of the natural logarithms.
b. Evaluate the fourth partial sum of the series
for g(0.6). Show that the answer is close to the
value of sin 0.6. Show that the fifth partial sum
is even closer to the value of sin 0.6.

sum(seq(71(N21)?3,N,1,200,1)) 5 61,100
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d. Figure 15-4b shows the graphs of f1(x)—a
cubic function equal to the second partial
sum of g(x)—and f2(x) sin x. Graph these
functions on your grapher. Then add the
next three terms of the series for g(x) to the
equation of f1(x). You’ll get a 9th-degree
function. Plot the two graphs again. Sketch the
result, and describe what you observe.
y

f2(x)  sin x

1

x
1

f1(x)  x  3!1 x3

Figure 15-4b

Chapter Test
Part 1: No calculators allowed (T1–T9)
T1. A geometric series has first term t1  6 and
common ratio r  2. Write the first five
terms of the series. Find the fifth partial sum,
S5, numerically by summing the terms of
the series.
T2. An arithmetic series has first term t1  7 and
common difference d  3. Write the first six
terms of the series. Find the sixth partial sum,
S6, numerically by summing the terms and
algebraically by using the sum of the first and last
terms in an appropriate way.
T3. Write an algebraic formula for Sn, the nth partial
sum of an arithmetic series, in terms of n, t1,
and tn.
T4. Is this series arithmetic, geometric, or neither?
Give numerical evidence to support your answer.
3  7  12  18  25  . . .
T5. Evaluate the partial sum numerically, by writing
out and summing the terms.
4

S4 

T9. tn 5 7 ? 2n21
T10. t200 5 604;
___(7 1 604) 5 61,100;
S200 5 200
2

c. Evaluate the fourth partial sum of the series for
h(0.6). Which function on your grapher does
h(x) seem to be close to?

784
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T6. Is the series in Problem T5 arithmetic, geometric,
or neither? Give numerical evidence to support
your answer.
T7. Write the term containing b 9 in the binomial
expansion of (a  b) 15. Leave the answer in
factorial form.
T8. Write a recursive formula for tn for the arithmetic
sequence 17, 21, 25, . . . .
T9. Write an explicit formula for tn for the geometric
sequence 7, 14, 28, . . . .

Part 2: Graphing calculators allowed (T10–T24)
T10. The arithmetic series in Problem T2 is
7  10  13  . . . . Calculate the 200th term,
t200. Use the answer to calculate the 200th
partial sum, S200, algebraically, with the help of
the pattern for partial sums of an arithmetic
series. Confirm that your answer is correct by
summing the terms numerically using the Series
program on your grapher.

Bouncing Ball Problem: Imagine that you’re bouncing
a ball. Each time the ball bounces, it comes back up
to 80% of its previous height. For Problems T11–T13,
assume that the starting height of the ball was 5 ft.

rest is still in her body. Natalie finds that the amount
still in her body after n days is given by this partial
sum, where k is an integer:
n

350(0.8

Sn  

k1

k1

)

T16. Demonstrate that you know what sigma
notation means by writing out the first three
terms of this series. What does S3 equal?
T17. Run the Series program on your grapher to find
S40 numerically.
T18. After how many days does the amount in
Natalie’s body first exceed 200 mg?

T11. What kind of sequence describes the ball’s
successive maximum heights after each bounce?
What is the length of the total vertical path the
ball covers before the tenth bounce?
T12. Find the formula for the ball’s maximum height
after its nth bounce. Find the formula for the
total length of the path of the ball before the nth
bounce.
T13. The series in Problem T12 converges to a
certain number. Based on your answers, to what
number does it converge? Show algebraically
that this is correct.
Push-ups Problem: For Problems T14 and T15, Emma
starts an exercise program. At the first workout she
does five push-ups. The next workout she does eight
push-ups. She decides to let the number of push-ups
in each workout be a term in an arithmetic sequence.
T14. Find algebraically the number of push-ups
she does on the tenth workout and the total
number of push-ups she has done after ten
workouts.
T15. If Emma were able to keep up the arithmetic
sequence of push-ups, which of the terms in
the sequence would be 101? Calculate this term
number algebraically.
Medication Problem: For Problems T16–T19, Natalie
takes 50 mg of allergy medicine each day. By the next
day, some of the medicine has decomposed, but the

T19. Does the amount of active medicine in Natalie’s
body seem to be converging to a certain
number, or does it simply keep getting larger
without limit? How can you tell?

Geometric; 39.6312... ft

tn 5 5 ? 0.8n21;
1 2 0.8n21
Sn 5 5 1 2 4 ? ________
1 2 0.8 
1
T13. lim Sn 5 lim 5 1 2  4  ______
n→
n→
1 2 0.8 
5 45 ft. As n grows larger, 0.8n21 goes to
zero.
T12.

T14.

32 push-ups; 185 push-ups

T15. n 5 33
T16.

50 1 40 1 32 5 122 mg

T17.

249.9667... mg

T18.

After 8 days

Loan Problem: For Problems T20 and T21, Leonardo
borrows $200.00 from his parents to buy a new
calculator. They require him to pay back 10% of his
unpaid balance at the end of each month.

T19. It is approaching 250 mg.
1
5 250 mg.
50 ? ______
1 2 0.8
T20. $200 starting balance; $180; $162;
$145.80; geometric; r 5 0.9

T20. Find Leonardo’s unpaid balances at the end of
0, 1, 2, and 3 mo. Is the sequence of unpaid
balances arithmetic, geometric, or neither? How
do you know?

$200(0.9)n  $5
5
log ___
200
5 35.0119... or 36 months.
⇒ n . _____
log 0.9

T21. Leonardo must pay off the rest of the loan
when his unpaid balance has dropped below
$5.00. After how many months will this have
happened? Indicate the method you use. (It
is not enough to say “I used my calculator” or
“guess and check.”)

T22.

2792a5b7

T24.

Answers will vary.

T22. Find the eighth term of the binomial series
(a  b) 12.
T23. Genetics Problem: If a dark-haired mother and
father have a particular combination of genes,
each of their babies has a 25% probability of
having light hair (and a 75% probability of
having dark hair). If they have five babies,
the probability that exactly x of the babies
have light hair is the term with 0.25 x in the
binomial expansion of (0.25  0.75) 5. Find the
probability that exactly three of the five babies
have light hair.
T24. What did you learn as a result of taking this test
that you did not know before?
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T11.

785

T21.

T23.

0.0878...

Additional CAS Problems
Consider these additional problems as an
extension of Problem C4.
If x2 1 x3 1 x4 1 x5 1 … is an infinite
geometric series,
1. What is its first term?
2. What is its common ratio?
3. Assuming the series converges, what
is the limit of its partial sums (See
Problem 8 of Section 15-3)?
4. If the series converges, what do
you know about the x-values of its
common ratio?
5. Graph the first six terms of the given
series and the limit of its partial sums.
For which values of x are the two
graphs nearly identical? How does this
compare to your answer to Additional
CAS Problem 4?
See page 1055 for answers to
CAS Problems 1–5.
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