CHAP TE R O B J EC TIV E S
• Learn the meanings of amplitude,
period, phase displacement, and cycle
of a sinusoidal graph.

Applications of Trigonometric
and Circular Functions

• Given any one of these sets of
information about a sinusoid, find the
other two: the equation; the graph; the
amplitude, period or frequency, phase
displacement, and sinusoidal axis.

Stresses in the earth compress rock
formations and cause them to buckle
into sinusoidal shapes. It is important for
geologists to be able to predict the depth
of a rock formation at a given point. Such
information can be very useful for structural
engineers as well. In this chapter you’ll
learn about the circular functions, which
are closely related to the trigonometric
functions. Geologists and engineers use
these functions as mathematical models to
perform calculations for such wavy rock
formations.

• Plot the graphs of the tangent,
cotangent, secant, and cosecant
functions, showing their behavior
when the function value is undefined.
• Given an angle measure in degrees,
convert it to radians, and vice versa.
• Given an angle measure in radians,
find trigonometric function values.
• Learn about the circular functions and
their relationships to trigonometric
functions.

y

• Given the equation for a circular
or trigonometric function and a
particular value of y, find specified
values of x or  graphically,
numerically, and algebraically.

x
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• Given a verbal description of a periodic
phenomenon, write an equation using
the sine or cosine function and use the
equation as a mathematical model to
make predictions and interpretations
about the real world.
• Given information about a rotating
object or connected rotating objects,
find linear and angular velocities of
points on the objects.
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Ch apter 6

Applications of Trigonometric
and Circular Functions

Overview
In this chapter, students learn to sketch a graph of any sinusoid
from its equation. By reversing the graph-sketch process, students
learn to write an equation for a sinusoid with any given period,
amplitude, phase displacement, or vertical position. Thus, they
can use sinusoidal functions as mathematical models of periodic
functions in the real world. Introducing circular functions with
arguments in radians makes trigonometric functions more useful
in applications where the independent variable is time or distance
rather than angle. Students then apply their knowledge of angles
and circular functions to find angular and linear velocities in
rotary motion.

Exploration 6-7:
Exploration 6-7a:
Exploration 6-8:
Exploration 6-8a:
Exploration 6-8b:
Exploration 6-9a:
Exploration 6-9b:

Chemotherapy Problem
Oil Well Problem
Angular and Linear Velocity
Adam Ant Problem
Motorcycle Problem
Carbon Dioxide Follow-Up
Rehearsal for Sinusoids Test

Blackline Masters
Sections 6-2, 6-4, and 6-9

Supplementary Problems
Sections 6-3, and 6-5 to 6-7

Using This Chapter

Assessment Resources

This chapter expands on Chapter 5 with graphs of all six
trigonometric functions and their transformations. Upon
completing this chapter, students should be able to use degrees
and radians interchangeably depending on the context of the
problem. Students will also have the the tools to create and use
mathematical models from verbal descriptions of a periodic
phenomenon to make predictions and interpretations about realworld situations. The section on rotary motion may be omitted.

Technology Resources

Teaching Resources
Explorations
Exploration 6-1a:
Exploration 6-2:
Exploration 6-2a:
Exploration 6-2b:
Exploration 6-3a:
Exploration 6-3b:
Exploration 6-4:
Exploration 6-4a:
Exploration 6-5a:
Exploration 6-6a:
Exploration 6-6b:
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Sine and Cosine Graphs, Manually
Periodic Daily Temperatures
Transformed Sinusoid Graphs
Sinusoidal Equations from Graphs
Tangent and Secant Graphs
Transformed Tangent and Secant Graphs
Introduction to Radians
Radian Measure of Angles
Circular Function Parent Graphs
Sinusoids, Given y, Find x Numerically
Given y, Find x Algebraically

Test 15, Sections 6-1 to 6-3, Forms A and B
Test 16, Sections 6-4 to 6-8, Forms A and B
Test 17, Chapter 6, Forms A and B

Dynamic Precalculus Explorations
Variation of Tangent and Secant
Sinusoid Translation
Sinusoid Dilation
The Inequality sin x  x  tan x
Waterwheel

Sketchpad Presentation Sketches
Trig Tracers Present.gsp
Radians Present.gsp
Circular Functions Present.gsp
Circular Transforms Present.gsp
Sine Challenge Present.gsp

Activities
Sketchpad: Trigonometry Tracers
Sketchpad: Transformations of Circular Functions
CAS Activity 6-4a: Inverse Trigonometric Functions
CAS Activity 6-7a: Epicenter of an Earthquake
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Standard Schedule Pacing Guide
Day
1

Section

Suggested Assignment

6-1

Sinusoids: Amplitude, Period, and Cycles

6-2

General Sinusoidal Graphs

4

6-3

Graphs of Tangent, Cotangent, Secant,
and Cosecant Functions

RA, Q1–Q10, 1–3, 5, 6, 9, 11–14, (15, 16)

5

6-4

Radian Measure of Angles

RA, Q1–Q10, 1–3, 9, 11, 17, 21, 25, 29, 31, 37–53 odd

6

6-5

Circular Functions

RA, Q1–Q10, 1–3, 6, 7, 10, 11, 14, 15, 19, 23, 25, 27, 31, 37, 39, 44, (45,
46, 48), 49

7

6-6

Inverse Circular Relations: Given y, Find x RA, Q1–Q10, 1–13 odd

6-7

Sinusoidal Functions as Mathematical
Models

6-8

Rotary Motion

6-9

Chapter Review and Test

2
3

8
9
10
11
12
13

1–9
RA, Q1–Q10, 1–11 odd
1–5, 13–25 odd, 26, (27), 28

RA, Q1–Q10, 1, 2
4, 5, 8, 11, (14, 15)
RA, Q1-Q10, 1–9 odd, 10, 11
13–17
R0–R8, T1–T24
Either C1 or C2 or Problem Set 7-1

Block Schedule Pacing Guide
Day
1

Section

Suggested Assignment

6-2

General Sinusoidal Graphs

RA, Q1–Q10, 1–25 odd, 26, 28

6-3

Graphs of Tangent, Cotangent, Secant,
and Cosecant Functions

RA, Q1–Q10, 1–3, 5, 6, 9, 11–14

6-4

Radian Measure of Angles

RA, Q1–Q10, 1–3, 9, 11, 17, 21

6-4

Radian Measure of Angles

25, 29, 31, 37, 39, 41–53 odd

6-5

Circular Functions

RA, Q1–Q10, 1–3, 6, 7, 10, 11, 14, 15, 19, 23

6-5

Circular Functions

25, 27, 31, 37, 44, 49

6-6

Inverse Circular Relations: Given y, Find x RA, Q1–Q10, 1–13 odd

5

6-7

Sinusoidal Functions as Mathematical
Models

RA, Q1–Q10, 1, 2, 10, 14, 15

6

6-8

Rotary Motion

RA, Q1–Q10, 1–9 odd, 10, 11, 13–17

7

6-9

Chapter Review and Test

R0–R8, T1–T24

6-9

Chapter Review and Test

7-1

Introduction to the Pythagorean Property 1–9

2

3
4

8

Chapter 6 Interleaf

281B

Sec tion 6 -1

Mathematical Overview
You have learned that the graphs of y  cos V and y  sin V are
sinusoids. You have also learned about horizontal and vertical
dilations, and horizontal and vertical translations of functions.
Now it is time to apply these four transformations to sinusoids
so that you can fit them to many real-world situations where the
y-values vary periodically.

PL AN N I N G
Class Time
1 day
__
2

Homework Assignment

GRAPHICALLY

Problems 1–9

Teaching Resources

Exploration 6-1a: Sine and Cosine
Graphs, Manually

TE ACH I N G
Important Terms and Concepts
Cycle
Amplitude
Period
Argument
Phase displacement
Sinusoidal axis

ALGEBRAICALLY

NUMERICALLY

The graph is a sinusoid that is a cosine
function transformed through vertical
and horizontal translations and dilations.
The independent variable here is x rather
than V so that you can fit sinusoids to
situations that do not involve angles.

y
9
7
5
x
1

4

7

10

Q(x  1)
Particular equation: y  7  2 cos __
3
x

y

1
2
3
4

9
8
6
5

Section Notes
Section 6-1 is an exploratory activity
in which students investigate how the
amplitude, period, phase displacement,
vertical translation, and cycle of
a sinusoidal graph are related to
transformations of the parent sinusoid.
You can assign Section 6-1 for homework
after the Chapter 5 test or as a group
activity to be completed in class. No
classroom discussion is needed before
students begin the activity. After
they have completed Section 6-1,
have students work in groups on
Exploration 6-1a.

Exploration Notes
Exploration 6-1a requires students to
plot the sine and cosine graphs on graph
paper. Problem 4 requires students to
find values of inverse trigonometric
functions. You may wish to use this
exploration as a quiz after Section 6-2
instead of using it with Section 6-1.
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VERBALLY

282

The circular functions are just like the trigonometric functions except
that the independent variable is an arc of a unit circle instead of an
angle. Angles in radians form the link between angles in degrees and
numbers of units of arc length.

Chapter 6: Applications of Trigonometric and Circular Functions

CAS Suggestions

Consider having students who use
TI-Nspire graphers define functions on a
CAS and use function notation to reinforce
the connection between the algebraic and
graphical forms of transformations.
The next figure shows the graphs in
Problem 4 after defining f(x) 5 cos x on a
Calculator page.

Chapter 6: Applications of Trigonometric and Circular Functions

Alternatively, students who use TI-Nspire
graphers can graph y 5 cos x directly and
manipulate the graph until the equation
becomes the desired y 5 cos 3x. In this way,
students “physically” transform the parent
function, strengthening the connection for
kinesthic and visual learners.

6 -1 Sinusoids: Amplitude, Period,
and Cycles

y

Figure 6-1a shows a dilated and
translated sinusoid and some of its
graphical features. In this section you
will learn how these features relate to
transformations you’ve already learned.

PRO B LE M N OTE S
Problems 2–5, 7, and 9 can be
solved using the approaches described in
the CAS Suggestions.

Phase displacement
(horizontal translation)
Period

Amplitude 5 5

2.

y

Amplitude

2

Sinusoidal axis
One cycle

V

�
180°

�2

360°

Figure 6-1a

Objective

The absolute value of the vertical dilation
of a sinusoid equals the amplitude.

Learn the meanings of amplitude, period, phase displacement, and cycle of a
sinusoidal graph.

3608 for both functions

3.
1. Sketch one cycle of the graph of the parent
sinusoid y  cos V, starting at V  0°. What is
the amplitude of this graph?
2. Plot the graph of the transformed cosine
function y  5 cos V. What is the amplitude of
this graph? What is the relationship between the
amplitude and the vertical dilation of a sinusoid?

y

5. Plot the graph of y  cos(V  60°). What
transformation is caused by the 60°?
6. The (V  60°) in Problem 5 is called the
argument of the cosine. The phase displacement
is the value of V that makes the argument equal
zero. What is the phase displacement for this
function? How is the phase displacement related
to the horizontal translation?
7. Plot the graph of y  6  cos V. What
transformation is caused by the 6?

4. Plot the graph of y  cos 3V. What is the period
of this transformed function graph? How is the
3 related to the transformation? How could you
calculate the period using the 3?

2

�
360°

�2

The 3 is the reciprocal of the horizontal
dilation. The period equals 3608 divided
by 3.
5.

8. The sinusoidal axis runs along the middle of the
graph of a sinusoid. It is the dashed centerline in
Figure 6-1a. What transformation of the function
y  cos x does the location of the sinusoidal axis
indicate?
3. What is the period of the transformed function
in Problem 2? What is the period of the parent
function y  cos V?

1208

4.

Exploratory Problem Set 6-1

9. What are the amplitude, period, phase
displacement, and sinusoidal axis location of the
graph of y  6  5 cos 3(V  60°)? Check by
plotting on your grapher.

y
2

�
360°

�2

Horizontal translation by 1608
6. Phase displacement 5 608. The phase
displacement equals the horizontal
translation.
7.

y

2

�
360°

�2
Section 6-1: Sinusoids: Amplitude, Period, and Cycles

Amplitude 5 1

1.

Vertical translation by 16
8. The vertical translation corresponds
to the sinusoidal axis.

y
2
�2
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�
360°

9. Amplitude 5 5; Period 5 1208; Phase
displacement 5 608; Sinusoidal axis 5 6
y
8

�
360°

Section 6-1: Sinusoids: Amplitude, Period, and Cycles
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6 -2 General Sinusoidal Graphs

Sec tion 6 -2

In Section 6-1, you encountered the terms period, amplitude, cycle, phase
displacement, and sinusoidal axis. They are often used to describe horizontal
and vertical translation and dilation of sinusoids. In this section you’ll make the
connection between the new terms and these transformations so that you will
be able to fit an equation to any given sinusoid. This in turn will help you use
sinusoidal functions as mathematical models for real-world applications such as
the variation of average daily temperature with the time of year.

PL AN N I N G
Class Time
2 days

Homework Assignment

Objective

Day 1: RA, Q1–Q10, Problems 1–11 odd
Day 2: Problems 1–5, 13–25 odd, 26,
(27), 28

Teaching Resources

Exploration 6-2: Periodic Daily
Temperatures
Exploration 6-2a: Transformed Sinusoid
Graphs
Exploration 6-2b: Sinusoidal Equations
from Graphs
Blackline Masters
Problems 5–18, 23, and 24

Technology Resources
Exploration 6-2: Periodic Daily
Temperatures

TE ACH I N G

Given any one of these sets of information about a sinusoid, find the
other two
two:
t 5IFFRVBUJPO
t 5IFHSBQI
t 5IFBNQMJUVEF QFSJPEPSGSFRVFODZ QIBTFEJTQMBDFNFOU BOE
sinusoidal axis
In this exploration you will apply a transformed sinusoid to model the average
daily high temperature at a particular location as a function of time.

E XPLOR ATION 6 -2: Pe r i o d i c Da i l y Te m p e r at u r e s
This graph shows the average daily high
temperatures in San Antonio, by month, for
24 months. The dots are connected by a smooth
curve resembling a sinusoid. Month 1 is January,
month 2 is February, and so forth.
100

y, Average high temperature, °F

1. The graph
h of y  cos V completes a cycle each
360° (angle, not temperature!). Shown here is
a transformed sinusoid that completes a cycle
each 12°—a horizontal dilation by a factor
1
of __
30 . Write the equation of this sinusoid and
plot it on your grapher. Does the result agree
with this figure?
y

50

Important Terms and Concepts

1

6

Period
Frequency
General sinusoidal equation
Upper bound
Lower bound
Critical points

12



Month, x
18
24

12°

24°

1

Exploration Notes
Exploration 6-2 previews both the
sinusoidal graph transformations in
Section 6-2 and the real-world problems
in Section 6-7. It is one of the most
important explorations in Chapter 6, for
these reasons:
• Plotting points using pencil and paper
helps students internalize the pattern
of sinusoidal graphs.

continued
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An alternate version of this exploration can
be found in the Instructor’s Resource Book.
Allow 30–35 minutes for all six questions.

1. y 5 cos(30)
Graph agrees with the given figure.
(Be sure to use degree mode.)

See page 289 for notes on additional
explorations.

2. y 5 cos(30( 2 78))
Graph agrees with given figure.

• The use of real-world data demonstrates
that sinusoidal graphs are relevant
and useful, providing motivation for
students to learn about them.
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3. y 5 17 cos(30( 2 78))
Graph agrees with the given figure.

Section Notes

EXPLORATION, continued
2. The greatest average high temperature occurs
in July, month 7. Write an equation for a
horizontal translation by 7 for the function in
Problem 1 and plot it on your grapher. Does
the result agree with the graph shown here?
y

20
10

10

1

y

7°

12°


24°

20

6°

12°

18°

24°

1

3. The July average high temperature is 95°F.
The lowest average high temperature is 61°F
in January. So the vertical dilation of the
(95  61)
, or 17. Transform the
sinusoid is _______
2
equation in Problem 2 so that it has a vertical
dilation by a factor of 17 and plot it on your
grapher. Does the result agree with this
graph?

4. The graph before Problem 1 is a vertical
translation of the graph in Problem 3 by
95  17 (or 61  17), which equals 78.
Write an equation for this translation of the
function in Problem 3 and plot it on your
grapher. Does the result agree with the graph
before Problem 1?
5. Predict the average high temperature in San
Antonio for March, month 3. Do you get the
same answer for March, month 15?
6. What did you learn as a result of doing this
exploration that you did not know before?

Recall from Chapter 5 that the period of a sinusoid is the number of degrees per
cycle. The reciprocal of the period, or the number of cycles per degree, is called the
frequency. It is convenient to use the frequency when the period is very short. For
instance, the alternating electrical current in the United States has a frequency of
60 cycles per second, meaning that the period is 1/60 second per cycle.
You can see how the general sinusoidal equations allow for all four
transformations.

DEFINITION: General Sinusoidal Equation
y  C  A cos B(V  D)

or

y  C  A sin B(V  D),

where

t |A| is the amplitude (A is the vertical dilation, which can be positive
or negative).
t B is the reciprocal of the horizontal dilation.
t C is the location of the sinusoidal axis (vertical translation).
t D is the phase displacement (horizontal translation).

4. y 5 78 1 17 cos(30( 2 78))
Graph agrees with the given figure.
5. For March, month 3, y 5 69.5°
For March, month 15, y 5 69.5°, the same.
6.

Answers will vary.

Section 6-2: General Sinusoidal Graphs
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Section 6-2 investigates equations
of sinusoids, using the concepts of
horizontal and vertical dilations and
translations studied in the previous
chapters. Students learn to write an
equation for a sinusoidal function
given an entire cycle of the graph,
part of a cycle of the graph, or a verbal
description of the graph. They also learn
to write more than one equation for the
same graph by using different phase
displacements, negative dilations, and
sine as well as cosine.
It is recommended that you spend
two days on this section. On the first
day, discuss the material up through
Example 2 on page 288 and assign
Exploration 6-2a. Cover the remainder
of the section on the second day, possibly
using Exploration 6-2b. Example 4 on
page 290 involves writing different
equations for the same sinusoid. If your
class is not very strong, you may omit
this example, along with Problems 23
and 24. However, encourage your best
students to work through these items.
When you assign homework for this
section, be sure to include problems
that require students to write equations
for sinusoids. Such problems prepare
students for the real-world problems
in Section 6-7. If a problem does not
indicate which parent function to use,
encourage students to write the equation
using the cosine function. Because cosine
starts a cycle at a high point, it is easier
to get the correct phase displacement. It
is also easier to find the general solution
of an inverse cosine equation than of an
inverse sine equation, so students will
find the real-world problems in future
sections easier to solve if they use the
cosine function.

Section 6-2: General Sinusoidal Graphs
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The period can be calculated from the value of B. Because __B1 is the horizontal
dilation and because the parent cosine and sine functions have period 360°, the
1
(360°). Dilations can be positive or negative,
period of a sinusoid equals ___
|B|
so you must use the absolute value symbol.

Section Notes (continued)
Use the new vocabulary introduced
frequently and correctly. Concavity, point
of inflection, upper bound, and lower
bound are all terms students will use in
calculus.

PROPERTIES: Period and Frequency of a Sinusoid
For general equations y  C  A cos B(V  D) or y  C  A sin B(V  D)
1 (360°)
period  ____
|B |

This section introduces the idea of
frequency, which is used to describe
many real-world phenomena.

Next you’ll use these properties and the general equation to graph sinusoids and
find their equations.

It is most important that students
understand the effects of the constants A,
B, C, and D on the graphs of

Concavity, Points of Inflection, and Bounds of Sinusoids
In Section 4-4 you learned about concavity and points of inflection. As you can
see from Figure 6-2a, sinusoids have regions that are concave upward and other
regions that are concave downward. The concavity changes at points of inflection.

y 5 C 1 A cos B( 2 D) and
y 5 C 1 A sin B( 2 D)
Students usually have the most
difficulty understanding the effect of the
constant B. It is helpful to point out that
360°
.
B5  ____
period

y
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Convex
side
Points of inflection

Concave
side

Emphasize that the distance between
a critical point and the next point of
period
inflection is a quarter of a cycle, or  ____
4 .
This fact is useful for Example 3 on
page 289 and Problems 15–18.
From their earlier work with the parent
cosine and sine functions, students
should know that the cosine function
starts a cycle at a high point, whereas
the sine function starts a cycle on the
sinusoidal axis going up. Stress that a
sine function starts on its sinusoidal
axis, not on the horizontal axis of
the coordinate plane. Students often
misunderstand this distinction because
the sinusoidal axis of the parent sine
graph coincides with the horizontal
axis of the coordinate plane. Another
error students make is marking a critical
point or point of inflection on the y-axis
for every sinusoidal graph. Emphasize
that students must think about both the
phase displacement and the period when
marking critical points and inflection
points.

|B |
1  ____

frequency ______
period 360°

and

Concave
down
Concave
up
V
Figure 6-2a

As you can see from Figure 6-2b, the sinusoidal axis goes through the points of
inflection. The lines through the high points and the low points are called the
upper bound and the lower bound, respectively. The high points and low points
are called critical points because they have a “critical” influence on the size and
location of the sinusoid. Note that it is a quarter-cycle between a critical point and
the next point of inflection.
y




 

 

 


 
Figure 6-2b

286

Chapter 6: Applications of Trigonometric and Circular Functions

Chapter 6: Applications of Trigonometric and Circular Functions



EXAMPLE 1 ➤

Suppose that a sinusoid has period 12
12° per cycle, amplitude 7 units, phase
displacement 4° with respect to the parent cosine function, and a sinusoidal axis
5 units below the V-axis. Without using your grapher, sketch this sinusoid and
then find an equation for it. Verify with your grapher that your equation and the
sinusoid you sketched agree with each other.

SOLUTION

First draw the sinusoidal axis at y  5, as in Figure 6-2c. (The long-and-short
dashed line is used by draftspersons for centerlines.) Use the amplitude, 7, to draw
the upper and lower bounds 7 units above and 7 units below the sinusoidal axis.
y

f () 5 9 1 47 cos 18( 2 3°)

Upper bound

2

f (595°) 5 9 1 47 cos 18(595° 2 3°)

θ

f (595°) 5 229.0237...

5

12

Lower bound
Figure 6-2c

Next find some critical points on the graph (Figure 6-2d). Start at V  4°,
because that is the phase displacement, and mark a high point on the upper
bound. (The cosine function starts a cycle at a high point because cos 0°  1.) Then
use the period, 12°, to plot the ends of the next two cycles.
4°  12°  8°

4°  2(12°)  20°

Mark some low critical points halfway between consecutive high points.
y
2

V
8°

4°

20°

5

12
Figure 6-2d

Now mark the points of inflection (Figure 6-2e). They lie on the sinusoidal axis,
halfway between consecutive high and low points.
y
2

V
8°

4°

To prepare students for Problems 5–8,
you might ask them to evaluate the
function in Example 2 on page 288 for
 5 595°. Show students how to find y
numerically by using the table feature on
their graphers and algebraically by using
function notation.

20°

5

12
Figure 6-2e
Section 6-2: General Sinusoidal Graphs

Domain

One explanation for why both sine
and cosine work for the equation in
Example 2 is the cofunction relationship
between the two functions; that is,
sin  5 cos(90° 2 ) for all acute angle
values of x. This relationship can now be
extended to all angle values for x.
In Example 4 on page 290, students
use graphers to confirm that all four
equations give the same graph. If their
graphers allow it, have students use
different line styles for each graph. Some
graphing calculators can be set to display
a circle that follows the path created
by the graph. Using this feature allows
students to see that each subsequent
graph retraces the preceding graphs.
Ask students to identify the domain and
range of the functions in Examples 1–4
as shown in the chart at the bottom of
this page. Emphasize that the domain is
“all real numbers of degrees.” Specifying
degrees is important because real
numbers without degrees are assumed to
be radians.

287

Range

Example 1

 5 all real numbers of degrees

212  y  2

Example 2

 5 all real numbers of degrees

238  y  56

Examples 3 and 4

 5 all real numbers of degrees

3  y  13

Section 6-2: General Sinusoidal Graphs

287

Section Notes (continued)

Finally, sketch the graph in Figure 6-2f by connecting the critical points and points
of inflection with a smooth curve. Be sure that the graph is rounded at the critical
points and that it changes concavity at the points of inflection.

As an interesting assignment, you might
ask each student to find a photograph or
a computer image of a sinusoidal curve
and write a reasonable equation for the
curve. Encourage students to find out
what might be reasonable units for their
photos. If you show a few examples in
class, students will see that such curves
are common and will be able to find
examples on their own. Create a bulletin
board of the photos and equations
students find. You may want to give this
assignment the day you begin Chapter 6,
but schedule its due date for after you
finish Section 6-7. As students study each
new section, they will get better ideas for
possible pictures of sinusoids. This will
also bring up the need for a nondegree
angle measure.
Examples of naturally occurring
sinusoids abound. Aerial photos of rivers
and the crests of desert sand dunes
form sinusoidal curves. Each monthly
issue of the magazine Astronomy
contains a colorful page spread of the
sinusoidal path of the moon. In addition,
each month the sinusoidal paths of
four of Jupiter’s moons—Io, Callisto,
Europa, and Ganymede—are shown.
The book Mathematics: An Introduction
to Its Spirit and Use has photographs
of musical notes recorded by an
oscilloscope. The fundamental harmonic
has one cycle; the second harmonic has
two cycles; the third harmonic has three
cycles; and the fourth harmonic has
four cycles. The December 1996 issue
of National Geographic shows places on
Earth photographed during 30 years of
space flights and also shows the path of a
typical spacecraft. Distinctive sinusoidal
paths are visible in these photographs.

288

y
2

V
20°

8°

4°
5

12

Figure 6-2f

Because the period of this sinusoid is 12° and the period of the parent cosine
function is 360°, the horizontal dilation is
1
12°  ___
dilation  ____
360° 30
The coefficient B in the sinusoidal equation is the
1
reciprocal of __
30 , namely, 30. The horizontal translation
is 4°. Thus a particular equation is
y  5  7 cos 30(V  4°)

4°

8°

Figure 6-2g

For the sinusoid in Figure 6-2h, give the period, frequency, amplitude, phase
displacement, and sinusoidal axis location. Write a particular equation for the
sinusoid. Check your equation by plotting it on your grapher.
y
56

V
3°

23°

38
Figure 6-2h
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Differentiating Instruction
• Pass out the list of Chapter 6 vocabulary,
available at www.keypress.com/
keyonline, for ELL students to look
up and translate in their bilingual
dictionaries.

Chapter 6: Applications of Trigonometric and Circular Functions

20°

V

12

Plotting the graph on your grapher confirms that this
equation produces the correct graph (Figure 6-2g).

EXAMPLE 2 ➤

y
2

• Use several examples of argument,
bound, and frequency and get student
responses to make sure they understand
these important mathematical meanings.
Bilingual dictionaries may not include
their mathematical definitions.
• Create graphs with the u- and v-axes
scaled from [24, 4]. On two of the sets of
axes have graphs of sine and cosine. The
paper graphs will enable students

➤

SOLUTION

As you will see later, you can use either the sine or the cosine as the pre-image
function. Here, use the cosine function, because its “first” cycle starts at a high
point and two high points are known.
t 5PĕOEUIFQFSJPE MPPLBUUIFDZDMFTIPXOJO'JHVSFI*UTUBSUTBU° and
ends at 23°, so the period is 23°  3°, or 20°.
1
t ć
 FGSFRVFODZJTUIFSFDJQSPDBMPGUIFQFSJPE PS__
20 cycle per degree.

t ć
 FTJOVTPJEBMBYJTJTIBMGXBZCFUXFFOUIFVQQFSBOEMPXFSCPVOET TP
y  _12 (38  56), or 9.
t ć
 FBNQMJUVEFJTUIFEJTUBODFCFUXFFOUIFVQQFSPSMPXFSCPVOEBOEUIF
sinusoidal axis.

Additional Exploration Notes

A  56  9  47
t 6TJOHUIFDPTJOFGVODUJPOBTUIFQBSFOUGVODUJPO UIFQIBTFEJTQMBDFNFOU
is 3°. (You could also use 23° or 17°.)
20°
___ , or 18 (the reciprocal of the
t ć
 FIPSJ[POUBMEJMBUJPOJT___
, so B  360°
360°
20°
horizontal dilation). So a particular equation is

y  9  47 cos 18(V  3°)
Plotting the corresponding graph on your grapher confirms that the equation
is correct.

➤

You can find an equation of a sinusoid when only part of a cycle is given. The next
example shows you how to do this.

EXAMPLE 3 ➤

Figure 6-2i shows a quarter-cycle of a sinusoid. Write a particular equation and
check it by plotting it on your grapher.
y
8
3

V
24°
17°
Figure 6-2i

SOLUTION

Imagine the entire cycle from the part of the
graph that is shown. You can tell that a low
point is at V  24° because the graph appears
to level out there. So the lower bound is
at y  3. The point at V  17° must be an
inflection point on the sinusoidal axis
at y  8 because the graph is a quarter-cycle.
So the amplitude is 8  3, or 5. Sketch the
lower bound, the sinusoidal axis, and the
upper bound. Next locate a high point.

to trace with their fingers to reinforce
their understanding and to enable you
to verify that the understanding does
(or doesn’t) exist. These graphs can also
help reinforce the meanings of sinusoid,
periodic, and displacement, and clarify
translation of one period, pre-image and
image graphs, and negative angles.
• Have students use their paper graphs
while you go over the examples.

Section 6-2: General Sinusoidal Graphs

• Refer to the Problem Notes for
Problems 5–8 and Problems 9–18.
These problems will help prepare
students for Section 6-7, which will
present a challenge for ELL students
because of the complex language.
• Problem 28 will challenge ELL students
to develop their English skills.
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• Have students write the general
sinusoidal equation definition in their
journals both formally and in their
own words.
• Make sure the distinction on page 290
between a particular equation and the
particular equation is clear.
• Consider using the Reading Analysis
as an in-class discussion. Alternatively,
allow ELL students to do it in pairs.

Exploration 6-2a gives students practice
in graphing particular cosine and sine
equations; identifying period, amplitude,
and other characteristics; writing an
equation from a given graph; checking
their work using a grapher; and finding
a y-value given an angle value. Assign
this exploration as a group activity
after you have presented and discussed
Examples 1 and 2. This gives students
supervised practice with the ideas
presented in the examples before they
leave class. Students may need help with
Problem 5, which asks them to find y
when  5 35°. Allow 20–30 minutes for
the exploration.
Exploration 6-2b can be assigned as a
quiz or as extra homework practice. It
can also be assigned later in the year as
a review of sinusoids. Problem 1 of the
exploration asks students to sketch two
cycles of a given sinusoid. Problems 2
and 3 ask them to write two equations—
one using sine and one using cosine—for
the same sinusoid and then to check
their equations using their graphers.
Problems 5 and 6 give students practice
writing equations based on a half-cycle
or quarter-cycle of a sinusoid. Allow
20 minutes for the entire exploration or
8–10 minutes for just Problems 5 and 6.

Section 6-2: General Sinusoidal Graphs
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Technology Notes

Each quarter-cycle covers (24°  17°), or 7°, so the critical points and points of
inflection are spaced 7° apart. Thus a high point is at V  17°  7°, or 10°. Sketch
at least one complete cycle of the graph (Figure 6-2j).

Exploration 6-2 asks students to
transform a cosine graph to fit data
on the average daily temperature
for a city. This can be done easily
with sliders in Fathom.

y
13
8

CAS Suggestions

3

V
10°

Students using a CAS can determine the
horizontal dilation by remembering that
the period of cosine was multiplied by
the horizontal dilation to determine the
period of the new function.

17°

24°

Figure 6-2j

The period is 4(7°), or 28°, because a quarter of the period is 7°. The horizontal
28°
7
, or __
dilation is ___
90 .
360°
The coefficient B in the sinusoidal equation is the reciprocal of this horizontal
dilation. If you use the techniques of Example 2, a particular equation is

Note: The algebra in this approach can
be done by hand. However, the point of
this problem is not the manipulation,
but the meaningful determination of the
coefficients; a CAS is entirely appropriate
for this work.

90(V  10°)
y  8  5 cos ___
7
Plotting the graph on your grapher shows that the equation is correct.

Note that in all the examples so far a particular equation is used, not the. There
are many equivalent forms of the equation, depending on which cycle you pick for
the “first” cycle and whether you use the parent sine or parent cosine function. The
next example shows some possibilities.

Once an equation is determined, it can
be tested to see if the period is properly
represented algebraically. Define the
equation. Then test that equation for
the given period. While this does not
absolutely confirm that the period has
been correctly computed, it does confirm
whether an equation has a period that is
an integer multiple of the correct period.

EXAMPLE 4 ➤

For the sinusoid in Figure 6-2k, write a particular equation using
a. Cosine, with a phase displacement other than 10°
b. Sine
c. Cosine, with a negative vertical dilation factor
d. Sine, with a negative vertical dilation factor
Confirm on your grapher that all four equations give the same graph.
y
13

Students can use Boolean logic to
confirm the equivalence of the equations
in Example 4 on page 290.

8
3

V
3°

10°

17°

24°

31°

Figure 6-2k

290

290

➤
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38°

SOLUTION

a. Notice that the sinusoid is the same one as in Example 3. To find a
different phase displacement, look for another high point. A convenient
one is at V  38°. All the other constants remain the same. So another
particular equation is
90(V  38°)
y  8  5 cos ___
7
b. The graph of the parent sine function starts at a point of inflection on
the sinusoidal axis while going up. Two possible starting points appear in
Figure 6-2k, one at V  3° and another at V  31°.
90(V  31°)
90(V  3°)
or
y  8  5 sin ___
y  8  5 sin ___
7
7
c. Changing the vertical dilation factor from 5 to 5 causes the sinusoid
to be reflected across the sinusoidal axis. If you use 5, the “first” cycle
starts as a low point instead of a high point. The most convenient low
point in this case is at V  24°.
90(V  24°)
y  8  5 cos ___
7
d. With a negative dilation factor, the sine function starts a cycle at a point
of inflection while going down. One such point is shown in Figure 6-2k at
V  17°.
90(V  17°)
y  8  5 sin ___
7
Plotting these four equations on your grapher reveals only one image. The graphs
are superimposed on one another.
➤

PRO B LE M N OTE S
Q1.

2 cycles

Q2. 8
Q3. 308
Q4.

113

Q5. 1208 for y 5 cos x
__
3
Q6. ____
2
Q7. 3.0715...
Q8.

13.0918...8

Problem Set 6-2
Reading Analysis
From what you have read in this section, what do
you consider to be the main idea? How are the
period, frequency, and cycle related to one another in
connection with sinusoids? What is the difference
between the way V appears on the graph of a
sinusoid and the way it appears in a uv-coordinate
system, as in Chapter 5? How can there be more
than one particular equation for a given sinusoid?
5m

in

Quick Review

Problems Q1–Q5 refer to Figure 6-2l.
Q1. How many cycles are there between V  20°
and V  80°?
Q2. What is the amplitude?

y
21
13
5

V
20°

Q3.
Q4.
Q5.
Q6.
Q7.
Q8.

Figure 6-2l

80°

What is the period?
What is the vertical translation?
What is the horizontal translation (for cosine)?
Find the exact value (no decimals) of sin 60°.
Find the approximate value of sec 71°.
Find the approximate value of cot 1 4.3.

Section 6-2: General Sinusoidal Graphs
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Problem Notes (continued)

Q9. Find the measure of the larger acute angle
of a right triangle with legs of lengths 11 ft
and 9 ft.
Q10. Expand: (3x  5) 2

11 5 50.7105...8
Q9. tan21 ___
9
Q10. 9x 2 2 30x 1 25

6. V  10° and V  453°
y
18

Problems 1–4 should all be assigned
so students get sufficient practice in
graphing transformed sinusoids.

4°

14° 24° 34°

16° 6°

44°

V
54°

2

1. Amplitude 5 4; Period 5 1208;
Phase displacement 5 2108;
Sinusoidal axis 5 7

7. V  70° and V  491°
y
2

y

V
10°

70°

3

4
�
360°

2. Amplitude 5 5; Period 5 14408;
Phase displacement 5 2408;
Sinusoidal axis 5 3
y

For Problems 1–4, find the amplitude, period,
phase displacement, and sinusoidal axis location.
Without using your grapher, sketch the graph by
locating critical points. Then check your graph using
your grapher.

20
40

360°

3. Amplitude 5 20; Period 5 7208;
Phase displacement 5 1208;
Sinusoidal axis 5 210
y
�

a. Find a particular equation for the sinusoid
using cosine or sine, whichever seems easier.

y
2.56

9.

b. Give the amplitude, period, frequency, phase
displacement, and sinusoidal axis location.

0.34

c. Use the equation from part a to calculate y
for the given values of V. Show that the result
agrees with the given graph for the first value.
5. V  60° and V  1234°

V
2°

16°

y

10.

y

360°

30

For Problems 9–14, find a particular equation for the
sinusoid that is graphed.

For Problems 5–8,

�2

V
8°

2°

2. y  3  5 cos _14 (V  240°)

4. y  8  10 sin 5(V  6°)
�

y

1. y  7  4 cos 3(V  10°)
3. y  10  20 sin _12 (V  120°)

2

8. V  8° and V  1776°

50

15

�20
3

4. Amplitude 5 10; Period 5 728;
Phase displacement 5 268;
Sinusoidal axis 5 28
y
�
100°

200°

�5
�10
�15
�20

The Solve command could be
used to determine the coefficient of  in
Problems 5–22.
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10
V

70° 25° 20° 65° 110° 155° 200°

292

V
0.3°
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Problems 5–8 are important not only
because students must create equations for
given graphs but also because they must
find y-values for given angle values. This
is an excellent preview of Section 6-7, in
which students use sinusoidal equations to
predict results in real-world problems. Be
sure to discuss finding the y-values during
the class discussion of the homework. A
blackline master for these problems is
available in the Instructor’s Resource Book.

Chapter 6: Applications of Trigonometric and Circular Functions

5a. y 5 9 1 6 cos 2( 2 208)
5b. Amplitude 5 6; Period 5 1808;
1
Frequency 5 ___
180 cycle/deg;
Phase displacement 5 208;
Sinusoidal axis 5 9
5c. y 5 10.0418... at  5 608;
y 5 8.7906... at  5 12348

5.3°

11.

In Problems 17 and 18, a quarter-cycle of a sinusoid
is shown. Find a particular equation for the sinusoid.

y
1.7
V
120°

17.

y

210°
4

1.7

V
70°

200°

y

18.

5000
V
3°

7°

5000

13.

40

r
7
B
150°

30°
7

14.

y
0.03
C
500°

100°
0.03

In Problems 15 and 16, a half-cycle of a sinusoid is
shown. Find a particular equation for the sinusoid.
15.

y
50
20

V
3°

16.

y
60

V
8° 10°

19. If the sinusoid in Problem 17 is extended to
V  300°, what is the value of y? If the sinusoid is
extended to V  5678°, is the point on the graph
above or below the sinusoidal axis? How far?
20. If the sinusoid in Problem 18 is extended to
the left to V  2.5°, what is the value of y? If the
sinusoid is extended to V  328°, is the point on
the graph above or below the sinusoidal axis?
How far?
For Problems 21 and 22, sketch the sinusoid
described and write a particular equation for it.
Check the equation on your grapher to make sure
it produces the graph you sketched.
21. The period equals 72°, the amplitude is 3 units,
the phase displacement (for y  cos V) equals 6°,
and the sinusoidal axis is at y  4 units.
1
22. The frequency is __
10 cycle per degree, the
amplitude equals 2 units, the phase displacement
(for y  cos V) equals 3°, and the sinusoidal
axis is at y  5 units.

5°

y
7
4

8b. Amplitude 5 10; Period 5 20;
1
Frequency 5 __
 20
cycle/deg;
Phase displacement 5 22;
Sinusoidal axis 5 230

Problems 9–18 provide practice in
writing equations from graphs that show
complete cycles or parts of cycles.
This is another critical skill required
to solve the real-world problems in
Section 6-7. A blackline master for these
problems is available in the Instructor’s
Resource Book.
9.
11.

y 5 1.7 cos( 2 30)

12.

y 5 5000 cos 45( 1 1)

Problems 13 and 14 use different variables
to name the horizontal and vertical axes.
When you discuss homework, make sure
students have used the correct variables
and not just the usual variables y and .
13.

r 5 7 cos 3

14.

y 5 0.03 sin 0.9

15.

y 5 35 1 15 sin 90

16.

y 5 7 2 3 sin 4.5

17.

9
( 1 60)
y 5 4 2 9 sin __
 13

6c. y 5 2.1221... at  5 10;
y 5 6.4356... at  5 453

y 5 60 2 100 sin 45

Problems 19 and 20 require students to
find y-values corresponding to given
angle values.

80° 120°

6b. Amplitude 5 10; Period 5 40;
1
Frequency 5  __
40 cycle/deg;
Phase displacement 5 4;
Sinusoidal axis 5 8

y 5 1.45 1 1.11 sin 10( 1 16)

10. y 5 30 2 20 cos 360( 2 0.3)

18.
V

6a. y 5 8 2 10 cos 9( 2 4)

y 5 230 1 10 sin 18( 1 2)

8c. y 5 230 at  5 8;
y 5 235.8778... at  5 1776

5

12.

8a.

Section 6-2: General Sinusoidal Graphs
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7b. Amplitude 5 5; Period 5 120;
1
Frequency 5 ___
 120
cycle/deg;
Phase displacement 5 10;
Sinusoidal axis 5 23
7c. y 5 28 at  5 70;
y 5 1.9931... at  5 491

19. y 5 12.4151... at  5 300;
y 5 2.0579..., 1.9420... below the
sinusoidal axis at  5 5678
20. y 5 232.3879... at  5 2.5; y 5 60,
on the sinusoidal axis, at  5 328
Problems 21 and 22 require students to
write equations for sinusoids based on
verbal descriptions.

7a. y 5 23 1 5 cos 3( 2 10)
See page 1002 for answers to
Problems 21 and 22.
Section 6-2: General Sinusoidal Graphs

293

Problem Notes (continued)
Problems 23 and 24 ask students to write
four possible equations for each graph by
using both positive and negative dilations
of both sine and cosine equations.
These problems will challenge your best
students. A blackline master for these
problems is available in the Instructor’s
Resource Book.
Problems 23 and 24 call for the
development of multiple equations
for the given figures and graphical
confirmation of their equivalence.
Students can also use a CAS to provide
Boolean logic to confirm the algebraic
form of the derived equations.
Problem 25 gives students practice
determining frequency.
25a. 60 cycles/deg. Thinking in terms
of complete cycles (60 of them) gives a
clearer mental picture than thinking in
terms of fractions.
25b. Period 5 1.28;
Frequency 5 _56 cycle/deg. The frequency
is 300 divided by 3608.
Problem 26 reinforces the ideas of
inflection point, concave up, and concave
down. These ideas are very important in
the study of calculus. Be sure to assign
this problem.
Problem 27 provides practice in
transforming a given equation to another
form by using algebra. The final form
of the equation helps students see that
horizontal and vertical transformations
follow the same rules.
Problem 28 is a journal entry that gives
students practice with the vocabulary in
Section 6-2. You might tell the class that
you will randomly choose five students to
read their journal entries to the class.
28.

Journal entries will vary.

See pages 1002–1003 for answers to
Problems 23, 24, 26, and 27, and
CAS Problems 1–4.

294

For Problems 23 and 24, write four different
particular equations for the given sinusoid, using

27. Horizontal vs. Vertical Transformations Problem:
In the function

a. Cosine as the parent function with positive
vertical dilation

y  3  4 cos 2(V  5°)
the 3 and the 4 are the vertical transformations,
but the 2 and the 5° are the reciprocal and
opposite of the horizontal transformations.

b. Cosine as the parent function with negative
vertical dilation
c. Sine as the parent function with positive
vertical dilation

a. Show that you can transform the given
equation to

d. Sine as the parent function with negative
vertical dilation

y3
V  5°
_____
 cos ______
4

Plot all four equations on the same screen on your
grapher to confirm that the graphs are the same.
10

c. Why is the original form of the equation more
useful than the form in part a?

6
2
40° 10°

1/2

b. Examine the equation in part a for the
transformations that are applied to the
x- and y-variables. What is the form of
these transformations?

y

23.

@

28. Journal Problem: Update your journal with
things you have learned about sinusoids. In
particular, explain how the amplitude, period,
phase displacement, frequency, and sinusoidal
axis location are related to the four constants
in the general sinusoidal equation. What is
meant by critical points, concavity, and
points of inflection?

V
20°

24.

50°

80° 110° 140°

y
47
29
11
7° 4° 1° 2°

V
5°

8° 11° 14°

25. Frequency Problem: The unit for the period of
a sinusoid is degrees per cycle. The unit for the
frequency is cycles per degree.
1
a. Suppose a sinusoid has period __
degree/cycle.
60
What would the frequency be? Why might
people prefer to speak of the frequency of
such a sinusoid rather than the period?

b. For y  cos 300V, what is the period? What
is the frequency? How can you calculate the
frequency quickly, using the 300?
26. Inflection Point Problem: Sketch the graph of a
function that has high and low critical points.
On the sketch, show
a. A point of inflection
b. A region where the graph is concave up
c. A region where the graph is concave down

294
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Additional CAS Problems

1. Describe the graphical transformations
required to change y 5 cos x into
y 5 cos(908 2 x). Explain how this
confirms the relationship
sin x 5 cos(908 2 x) for all angle values
of x.
2. Enter cos(908 2 x) into your CAS.
What is the output and why does it
confirm that the relationship

Chapter 6: Applications of Trigonometric and Circular Functions

sin x 5 cos(908 2 x) holds for all values
of x?

3. If you entered Solve(y = f(x), y) | x = 0 into
your CAS where f (x) was any defined
sinusoidal function, how many answers
would you get? Explain.
4. If you entered Solve(y = f(x), x) | y = 0 into
your CAS where f (x) was any defined
sinusoidal function, how many answers
would you get? Explain.

6 -3 Graphs of Tangent, Cotangent, Secant,
and Cosecant Functions

If you enter tan 90° into your calculator, you will get an error message because
tangent is defined as a quotient. On the unit circle, a point on the terminal side of
a 90° angle has horizontal coordinate zero and vertical coordinate 1. Division of
any number by zero is undefined, which you’ll see leads to vertical asymptotes at
angle measures for which division by zero would occur. In this section you’ll also
see that the graphs of the tangent, cotangent, secant, and cosecant functions are
discontinuous where the function value would involve division by zero.

Objective

1MPUUIFHSBQITPGUIFUBOHFOU DPUBOHFOU TFDBOU BOEDPTFDBOUGVODUJPOT 
TIPXJOHUIFJSCFIBWJPSXIFOUIFGVODUJPOWBMVFJTVOEFöOFE

1 
sec V  _____
cos V

1 
csc V  ____
sin V

Figure 6-3a shows the graphs of y  tan V and y  cot V, and Figure 6-3b shows
the graphs of y  sec V and y  csc V, all as they might appear on your grapher.
If you use a window that includes multiples of 90° as grid points, you’ll see that
the graphs are discontinuous. Notice that the graphs go off to infinity (positive or
negative) at odd or even multiples of 90°, exactly those places where the functions
are undefined.a
y

y
1

1

V
270° 90° 90° 270° 450° 630°

y  tan V
y
1

1

180°

Figure 6-3b

Homework Assignment

RA, Q1–10, Problems 1–3, 5, 6, 9, 11–14,
(15, 16)
Exploration 6-3a: Tangent and Secant
Graphs
Exploration 6-3b: Transformed Tangent
and Secant Graphs
Supplementary Problems
Test 15, Sections 6-1 to 6-3,
Forms A and B

Technology Resources
Variation of Tangent and Secant

Exploration 6-3a: Tangent and
Secant Graphs

TE ACH I N G

y

y  sec V

1 day

y  cot V

Figure 6-3a

V
270° 90° 90° 270° 450° 630°

Class Time

Presentation Sketch: Trig Tracers
Present.gsp

V
180° 360° 540° 720°

180°

PL AN N I N G

Teaching Resources

You can plot cotangent, secant, and cosecant by using the fact that they are
reciprocals of tangent, cosine, and sine, respectively.
1 
cot V _____
tan V

Sec tion 6 -3

Important Terms and Concepts

Unit circle
Vertical asymptote
Discontinuous
Quotient properties for tangent and
cotangent

V
180° 360° 540° 720°

y  csc V

To see why the graphs have these shapes, it is helpful to look at transformations
performed on the parent cosine and sine graphs.
Section 6-3: Graphs of Tangent, Cotangent, Secant, and Cosecant Functions

Section Notes
295

Section 6-3 introduces the graphs of the
tangent, cotangent, secant, and cosecant
functions. If you prefer, you can wait
until after Section 6-7 to cover this
section because the topics in Section 6-4
through Section 6-7 do not depend on
the graphs of these four functions. If you
do reorder the sections, do not assign
any Review or Quick Review problems
that involve the graphs of the tangent,
cotangent, secant, or cosecant functions.

Section 6-3: Graphs of Tangent, Cotangent, Secant, and Cosecant Functions
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Section Notes (continued)

EXAMPLE 1 ➤

Another important outcome of this
section is introducing the quotient
properties to students before they
encounter them in Chapter 7.

SOLUTION

The graphs of the tangent, cotangent,
secant, and cosecant functions are shown
near the beginning of the section.

y

1

V

1

V

360°

360°
Figure 6-3d

Figure 6-3c

Where the sine function equals 1 or 1, so does the cosecant function, because
the reciprocal of 1 is 1 and the reciprocal of 1 is 1. Mark these points as in
Figure 6-3d. As the sine gets smaller, the cosecant gets larger, and vice versa. For
instance, the reciprocal of 0.2 is 5, and the reciprocal of 0.1 is 10. Sketch the graph
consistent with these facts, as in Figure 6-3d.
➤
To understand why the graphs of the tangent and cotangent functions have the
shapes in Figure 6-3a, it is helpful to examine how these functions are related to
the sine and cosine functions. If V is the standard position angle of a ray from
the origin to point (u, v) in a uv-coordinate system, and r is the distance from the
origin to (u, v), then by definition,
v
tan V  __
u
Dividing the numerator and the denominator by r gives
v/r
tan V  ___
u/r
By the definitions of sine and cosine, the numerator equals sin V and the
denominator equals cos V. As a result, these quotient properties are true.

The text assumes that students
need to use the reciprocal properties to
graph and calculate cosecant, secant, and
cotangent on their graphers, but note
that some graphers will evaluate and
graph these functions directly.
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Sketch the sine graph as in Figure 6-3c. Where the value of the sine function is
zero, the cosecant function will be undefined because of division by zero. Draw
vertical asymptotes at these values of V.
y

When working with functions
that have vertical asymptotes, it can
be helpful on some graphers to use a
friendly window where the horizontal
range is a decimal multiple of 94. Also,
the -min should be a multiple of 90°.
For example, the graphs of y 5 tan 
and y 5 sec  could have a  window
2270°    670°. Note that max 2 min
5 670 2 (2270) 5 10  94, so each pixel
move represents a change of 10° in .
This can be helpful in tracing the graph
of the function. The Section Notes for
Section 1-3 contain more information on
friendly graphing windows.

The graphs in Figures 6-3a and 6-3b can
be replicated on a grapher with viewing
ranges 2270°    630°, 26  y  6 for
y 5 tan  and y 5 sec , and
2180°    720°, 26  y  6 for
y 5 cot  and y 5 csc . All four graphs
have -scale 90° and y-scale 1. Before
giving students the window dimensions,
encourage them to explore the domain
and range of functions in order to find
appropriate viewing windows. Make sure
their graphers are set in degree mode for
this section. Notice that these are not
friendly windows, which were mentioned
earlier. As a result, students with older
graphers (such as TI-83) will see that the
top of one section of a graph is connected
to the bottom of the next section,
where there should be an asymptote.

Sketch the graph of the parent sine function, y  sin V. Use the fact that
1
csc V  ____
to sketch the graph of the cosecant function. Show how the
sin V
asymptotes of the cosecant function are related to the graph of the sine function.

PROPERTIES: Quotient Properties for Tangent and Cotangent
sin V

tan V _____
cos V

and

cos V
cot V _____
sin V

The quotient properties allow you to construct the tangent and cotangent graphs
from the sine and cosine graphs.

EXAMPLE 2 ➤
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On paper, sketch the graphs of y  sin V and y  cos V. Use the quotient property
to sketch the graph of y  cot V. Show the asymptotes and the points where the
graph crosses the V-axis.
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This can be partially remedied by pressing
the MODE button and selecting DOT
rather than CONNECTED, or it can be fully
remedied by using a friendly graphing
window, as discussed earlier.
In the examples, explorations, and
problems, students learn how to sketch
these graphs by relating them to the sine
and cosine graphs. For example, because
1
sec  5 ____
, the graph of y 5 sec  is
cos 
undefined where cos  5 0, has value 1

Chapter 6: Applications of Trigonometric and Circular Functions

where cos  5 1, and has value 21 where
cos  5 21. When you present the secant
graph, sketch a graph of the cosine function
and show that the secant graph “bounces
off ” the high and low points of the cosine
graph because secant is the reciprocal
of cosine. Similarly, because cosecant is
the reciprocal of sine, the cosecant graph
“bounces off ” the high and low points of
the sine graph.

y

1

Differentiating Instruction

Draw the graphs of the sine and cosine functions (dashed and solid, respectively)
cos V
as in Figure 6-3e. Because cot V____

, show the asymptotes where sin V  0, and
sin V
show the V-intercepts where cos V  0.

SOLUTION

At V  45°, and wherever else the graphs of the sine and the cosine functions
cos V

will equal 1. Wherever sine and cosine are opposites
intersect each other, ____
sin V
cos V
____
of each other, sin Vwill equal 1. Mark these points as in Figure 6-3f. Then sketch
the cotangent graph through the marked points, consistent with the asymptotes.
The final graph is shown in Figure 6-3g.

V
360°

Figure 6-3e

y

y

1

V
45°

1

V
45°

360°

Figure 6-3f

360°

Figure 6-3g

Problem Set 6-3
Reading Analysis

Q8. What kind of function is y  x 5.2 ?

From what you have read in this section, what do
you consider to be the main idea? What feature do
the graphs of the tangent, cotangent, secant, and
cosecant functions have that sinusoids do not have,
and why do they have this feature? What algebraic
properties allow you to sketch the graph of the
tangent or cotangent function from two sinusoids?
5m

in

Quick Review

Problems Q1Q7 refer to the equation
y  3  4 cos 5(V  6°).
Q1. The graph of the equation is called a
Q2. The amplitude is
Q3. The period is

? .

? .

? .

Q4. The phase displacement with respect to
y cos V is ? .
Q5. The frequency is

? .

Q6. The sinusoidal axis is at y 
Q7. The lower bound is at y 

? .
? .

Q9. What kind of function is y  5 x?
Q10. The “If…” part of the statement of a theorem is
called the
A. Conclusion

B. Hypothesis

C. Converse

D. Inverse

E. Contrapositive
1. Secant Function Problem
a. Sketch two cycles of the parent cosine
function, y  cos V. Use the fact that
1
to sketch the graph of y  sec V.
sec V  ____
cos V
b. How can you locate the asymptotes in the
secant graph by looking at the cosine graph?
How does your graph compare with the secant
graph in Figure 6-3b?
c. Does the secant function have critical points?
If so, find some of them. If not, explain
why not.
d. Does the secant function have points of
inflection? If so, find some of them. If not,
explain why not.
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Function

Period

• Discuss Problem 7 so students
understand why the period of the
tangent and cotangent functions is
180° rather than 360°. Students may
need to be reminded of this fact
throughout the year.
• Next, discuss Problem 9, which asks
students to find the domain of
y 5 sec . Have students list several
angle values at which there are
asymptotes. Eventually someone
should point out that the asymptotes
appear 180° apart and will attempt to
state the domain. Once the domain
is given, have students examine the
graphs of the tangent, cotangent, and
cosecant functions. Point out the
general pattern where  is undefined
in the domain:  5 (location of 1st
asymptote) 1 (distance between
asymptotes)  n, where n is an integer.
• Summarize the section using the chart
at the bottom of this page.

Domain
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Range

y 5 tan 

180°

 5 all real numbers of degrees except
 5 90° 1 180°n, where n is an integer

y 5 all real numbers

y 5 cot 

180°

 5 all real numbers of degrees except
 5 180°n, where n is an integer

y 5 all real numbers

y 5 sec 

360°

 5 all real numbers of degrees except
 5 90° 1 180°n, where n is an integer

y  1 or y  21

y 5 csc 

360°

 5 all real numbers of degrees except
 5 180°n, where n is an integer

y  1 or y  21

Exploration Notes
Exploration 6-3a requires students to
graph tangent and secant functions and
to write equations for graphs of tangents
and cosecants. You may want to assign
this exploration as additional homework
practice if you do not have time to use it
in class.
Exploration 6-3b requires students to
graph tangent and cosecant equations
and to write tangent and secant
equations for graphs. You may want to
assign this exploration as additional
homework practice if you do not have
time to use it in class.

See page 1003 for answers to
Problems Q1– Q10 and Problem 1.

Section 6-3: Graphs of Tangent, Cotangent, Secant, and Cosecant Functions
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Technology Notes

2. Tangent Function Problem

8. Explain why it is meaningless to talk about the
amplitude of the tangent, cotangent, secant, and
cosecant functions.

Problem 16 asks students to
explore the behaviors of the six
trigonometric functions as the
angle of measurement varies. They
may create their own sketches
using Sketchpad, or they may
use the Variation of Tangent and
Secant exploration at
www.keymath.com/precalc.

a. Sketch two cycles of the parent function
y  cos V and two cycles of the parent
function y  sin V on the same axes.

c. Mark the asymptotes, intercepts, and other
significant points on your sketch in part a.
Then sketch the graph of y  tan V. How does
the result compare with the tangent graph in
Figure 6-3a?

For Problems 11–14, what are the dilation and
translation caused by the constants in the equation?
Plot the graph on your grapher and show that these
transformations are correct.

Presentation Sketch:
Trig Tracers Present.gsp at
www.keypress.com/keyonline
is a presentation sketch that
traces out the graphs of the six
trigonometric functions as a point
is animated on a unit circle.

d. Does the tangent function have critical
points? If so, find some of them. If not,
explain why not.

12. y  1  3 cot 2(V  30°)

Exploration 6-3a: Tangent and
Secant Graphs has students
discover what the graphs of tangent
and secant look like and how
they relate to the graphs of sine
and cosine. The better resolution
available in Fathom may be useful
for the parts where they are asked
to use a grapher. Sketchpad could
also be employed here.

b. Explain how you can use the graphs in part a
to locate the V-intercepts and the vertical
asymptotes of the graph of y  tan V.

e. Does the tangent function have points of
inflection? If so, find some of them. If not,
explain why not.
3. Quotient Property for Tangent Problem: Plot these
three graphs on the same screen on your grapher.
Explain how the result confirms the quotient
property for tangent.
f1(x)  sin V
f2(x)  cos V
f3(x) f1(x)/f2(x)
4. Quotient Property for Cotangent Problem: On the
same screen on your grapher, plot these three
graphs. Explain how the result confirms the
quotient property for cotangent.

15. Rotating Lighthouse Beacon Problem:
Figure 6-3h shows a lighthouse located 500 m
from the shore.
Spot of light

f1(x)  sin V
f2(x)  cos V

Light ray

f3(x)  f2(x)/f1(x)

Supplementary problems for this section
are available at www.keypress.com/
keyonline.

6. Without referring to Figure 6-3b, quickly sketch
the graphs of y  sec V and y  csc V.
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11. y  2  5 tan 3(V  5°)

14. y  3  2 csc 4(V  10°)

5. Without referring to Figure 6-3a, quickly sketch
the graphs of y  tan V and y  cot V.

In Problem 2b, the -intercepts
and vertical asymptotes can be
found on a CAS by solving equations
involving the corresponding portions
of the tangent fraction. Notice that the
vertical asymptote locations are written
in an uncommon, but correct, form.
Recognizing equivalent forms is a critical
mathematical skill, especially when using
a CAS.

10. What is the domain of the function y  tan V?
What is its range?

13. y  4  6 sec _12 (V  50°)

PRO B LE M N OTE S

Problems 1–4 reinforce the work done in
Exploration 6-3a.

9. What is the domain of the function y  sec V?
What is its range?

Lighthouse
beacon
V
500 m

7. Explain why the period of the functions
y  tan V and y  cot V is only 180°, instead
of 360° like the periods of the other four
trigonometric functions.
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Other light ray
Figure 6-3h
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D Shore

2a., 2c.

y

1

�
90°

450°

2b. Asymptotes occur where cos  5 0 at
 5 908 1 1808n; -intercepts occur where
sin  5 0 at  5 11808n.

A rotating light on top of the lighthouse sends
out rays of light in opposite directions. As the
beacon rotates, the ray at angle V makes a spot of
light that moves along the shore. As V increases
beyond 90°, the other ray makes the spot of
light. Let D be the displacement of the spot of
light from the point on the shore closest to the
beacon, with the displacement positive to the
right and negative to the left as you face the
beacon from the shore.
a. Plot the graph of D as a function of V. Use a
window with 0°  V360° and
2000 D 2000. Sketch the result.
b. Where does the spot of light hit the shore
when V  55°? When V  91°?
c. What is the first positive value of V for which
D equals 2000? For which D equals 1000?
d. Explain the physical significance of the
asymptote at V  90°.
16.

Variation of Tangent and Secant
Problem: Figure 6-3i shows the unit circle in a
uv-coordinate system and a ray from the origin,
O, at an angle, V, in standard position. The ray
intersects the circle at point P. A line is drawn
tangent to the circle at point P, intersecting the
u-axis at point A and the v-axis at point B. A
vertical segment from point P intersects the
u-axis at point C, and a horizontal segment from
point P intersects the v-axis at point D.

a. Use the properties of similar triangles to
explain why these segment lengths are equal
to the six corresponding function values:
PA  tan V
PB  cot V
PC  sin V
OA  sec V
OB  csc V
b. The angle between the ray and the v-axis
is the complement of angle V; that is, its
measure is 90°  V. Show that in each
case the cofunction of V is equal to the
function of the complement of V.
c. Construct Figure 6-3i using dynamic
geometry software such as The
Geometer’s Sketchpad, or use the Variation
of Tangent and Secant exploration at
www.keymath.com/precalc. Observe
what happens to the six function values as V
changes. Describe how the sine and cosine
vary as V is made larger or smaller. Based on
the figure, explain why the tangent and secant
become infinite as V approaches 90° and why
the cotangent and cosecant become infinite as
V approaches 0°.

B

0.5

P

Movable point P

1
V

O

C
0.5

A
1

1.5

u
2

Figure 6-3i

2c. See answer to part a.
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2d. No, the graph is always increasing,
where it is defined.
2e. Yes, at  5 1180n
Problems 5–10 provide the practice
necessary for students to learn the graphs.
5. See Figure 6-3a.
6. See Figure 6-3b.

7.

1
9. The domain of sec  is where  ____

cos 
is defined, i.e., all   90 1 180n. The
range is y  1, i.e., (2 , 21]  [1, ).
sin 

10. The domain of tan  is where  ____
cos 
is defined, i.e., all   90 1 180n. The
range is all real numbers.

PD  cos V

v
1
D

8. These functions have no maximum
or minimum.
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For all , where n is an integer

sin( 1 180n) 5 2sin  and cos( 1 180n)
5 2cos . Therefore, for all :

sin ( 1 180n)
2sin 
tan( 1 180n) 5  __________
 5 _____
 2cos


cos ( 1 180n)

sin 
5  ____
5 tan . So the period of the tangent
cos 

Problems 11–14 require students to
consider transformations of the parent
tangent, cotangent, secant, and cosecant
graphs. The instructions ask students
to make the graphs on their graphers,
but the equations in Problems 13 and 14
can also be sketched by hand using the
technique demonstrated in Example 1
on page 296. For example, to sketch the
equation in Problem 13, replace the sec
in the equation with cos and sketch the
graph of the resulting equation. Then
draw asymptotes where the sinusoid
crosses its sinusoidal axis, draw the
upward branch of the secant function
where the sinusoid reaches its maximum
value, and draw the downward branch of
the secant function where the sinusoid
reaches its minimum value.
Problem 15 may cause students difficulty.
You may want to solve this as a wholeclass activity rather than assign it as
homework. Because future problems
do not rely on this problem, it can be
omitted. Point out to students that you
are distinguishing between the two light
beams and keeping track of which one
is pointing in the positive direction and
which one is pointing in the negative
direction as it rotates. The terminal side
of u is the positive direction. Thus, as
the beacon rotates past 90°, L becomes
negative because it is the negatively
oriented beam of light that hits the shore.

function is 180. Furthermore, for all :
cos ( 1 180n)


cot( 1 180n) 5 __________
 sin ( 1 180n)  5 _____
 2cos

2sin 

cos 
5  ____
5 cot .
sin 

See pages 1003–1004 for answers to
Problems 3, 4, and 11–16.
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6 - 4 Radian Measure of Angles

Sec tion 6 - 4

With your calculator in degree mode, press sin 60°. You get
sin 60°  0.866025403...

PL AN N I N G

Q
Now change to radian mode and press sin@__
3  . You get the same answer!
Q
__
sin@   0.866025403...
3
In this section you will learn what radians are and how to convert angle measures
between radians and degrees. The radian measure of angles allows you to expand
on the concept of trigonometric functions, as you’ll see in the next section.
Through this expansion of trigonometric functions, you can model real-world
phenomena in which independent variables represent distance, time, or any other
quantity, not just an angle measure in degrees.

Class Time
1 day

Homework Assignment

RA, Q1–Q10, Problems 1–3, 9, 11, 17, 21,
25, 29, 31, 37, 39, 41, 43, 45, 47, 49, 51,
53

Objective

Teaching Resources

Exploration 6-4: Introduction to Radians
Exploration 6-4a: Radian Measure of
Angles
Blackline Masters
Problems 1, 49, and 50

(JWFOBOBOHMFNFBTVSFJOEFHSFFT DPOWFSUJUUPSBEJBOT BOEWJDFWFSTB
(JWFOBOBOHMFNFBTVSFJOSBEJBOT öOEUSJHPOPNFUSJDGVODUJPOWBMVFT
In this exploration you will explore the radian as a unit of angular measure, and
you’ll see how this unit arises naturally from the radius of a circle.

E XPLOR ATION 6 - 4: Int r o d uc t i o n to Ra d i a n s
This graph shows a circle of radius r units in a
uv-coordinate system. The radius has been marked
off in units of tenths of a radius. An arc of the
circle with a curved length exactly one radius unit
long has been marked off starting at the positive
u-axis. A central angle has been drawn subtending
(cutting off ) this arc.

Technology Resources
Presentation Sketch: Radians
Present.gsp
CAS Activity 6-4a: Inverse
Trigonometric Functions

1. Mark a flexible ruler (an index card will do)
with the scale shown on the u-axis. Then
measure the arc on the circle opposite the
angle marked 1 radian. (See the illustration
in Problem 2 of the following Problem Set for
ideas on how to do this.) Does the arc have
length r? How does this fact tell you that the
angle measures 1 radian?
2. Mark off two more radius-lengths on your
flexible ruler starting from one end of the
scale you have already marked. Then measure
around the circumference of the circle from
the positive u-axis to the terminal side of the
angle marked V. Based on this measurement
and the definition of radians (page 302), what
is the radian measure of angle V?
3. What is the radian measure of one full
revolution? An angle of 180? 90?
4. What is the degree measure of an angle of
1 radian? Show how you found your answer.
5. What did you learn as a result of doing this
exploration that you did not know before?

v

TE ACH I N G
Important Terms and Concepts
Radian
Unit circle
Subtends
Unitless number
Dimensional analysis
Wrapping function
Arc length

 radians

1 radian
0.5 r

r

u

Exploration Notes
Exploration 6-4 is an excellent activity for
groups of two or three students. It gives
each student an opportunity to measure
radians on a circle. If you have time for
only one exploration, do Exploration 6-4.
Show students how to hold the index
card on its edge and bend it to follow the
curve of the circle. Allow 10–15 minutes
for this activity.

1.
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One edge of index card should be marked as shown here.
Index Card
1r

1r
0.5 r

r

Arc has length r, the radius, confirming that the angle is one radian.

See page 304 for notes on additional
explorations.
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The degree as a unit of angular measure came from ancient mathematicians,
probably Babylonians. It is assumed that they divided a revolution into 360 parts
we call degrees because there were approximately 360 days in a year and they used
the base-60 (sexagesimal) number system. There is another way to measure angles,
called radian measure. This mathematically more natural unit of angular measure
is derived by wrapping a number line around the unit circle (a circle of radius 1
unit) in a uv-coordinate system, as in Figure 6-4a. Each point on the number line
corresponds to a point on the perimeter of the circle.
3

Excerpt from an old
Babylonian cuneiform text

2
3

2
v
2
3

1

2
3

1
1
r1

u

4

1

r1

v

u

5

Figure 6-4a

If you draw rays from the origin to the points 1, 2, and 3 on the circle (right side
of Figure 6-4a), the corresponding central angles have radian measures 1, 2, and 3,
respectively.

a1

V
r1

r2

Figure 6-4c

a2

But, you may ask, what happens if the same angle is in a
larger circle? Would the same radian measure
correspond to it? How would you calculate the radian
measure in this case? Figures 6-4b and 6-4c answer
these questions. Figure 6-4b shows an angle of
measure 1, in radians, and the arcs it subtends (cuts
off ) on circles of radius 1 unit and x units. The arc
subtended on the unit circle has length 1 unit. By the
properties of similar geometric figures, the arc
subtended on the circle of radius x has length x units. So
1 radian subtends an arc of length equal to the radius of
the circle.

3. A full revolution is 2 radians because
the circumference of a circle is 2r. An
angle of 180° is half of 2, or  radians. An
angle of 90° is  _14 of 2, or  _2 radians.
1
One radian is  __
2 of a full circle, so its

___5 57.2957...°
degree measure is  360°
2

5.

1 rad
r1

1 unit

rx
Figure 6-4b

For any angle measure, the arc length and the radius are proportional
a
a
@__r11 __r22 , as shown in Figure 6-4c , and their quotient is a unitless number that
uniquely corresponds to and describes the angle. So, in general, the radian
measure of an angle equals the length of the subtended arc divided by the radius.

2. Arc has length 2.8r, meaning that  is
2.8 radians.

4.

x units
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Section Notes
Section 6-4 introduces radian measures
for angles. Measuring angles in radians
makes it possible to apply trigonometric
functions to real-life units of measure,
such as time, that can be represented
on the number line. Try to do at least one
of the explorations for Section 6-4 so that
students will understand that a radian
is really the arc length of a circle with a
radius of one unit.
The explorations also help students
understand the relationship between
radians and degrees. If they do not
complete one of these activities, students
may simply memorize how to convert
from degrees to radians without
understanding how the units are related.
Explain that degrees and radians are two
units for measuring angles, just as feet
and meters are two units for measuring
length. An angle measuring 30 radians is
not the same size as an angle measuring
30 degrees (just as a length of 30 meters
is not equal to a length of 30 feet) because
the units are different.
The relationship between radians
and degrees can be used to convert
measurements from one unit to the
other. Because  radians is equivalent
to 180 degrees, the conversion factor
 radians
, a form of 1. Students should
is  ________
180 degrees
realize that multiplying a number of
degrees by this factor causes the degrees
to cancel out, leaving a number of
radians.
30 degrees __________
1  radians
    radians  5  __
 _________
1
180 degrees 6
Similarly, multiplying a number of
180 degrees
radians by  ________
, another form of 1,
 radians

lets the radians cancel, leaving a number
of degrees. If the units don’t cancel, the
student has the conversion factor upside
down.

Answers will vary.
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Section Notes (continued)

DEFINITION: Radian Measure of an Angle

Another way to make sure students can
visualize a radian is to have each student
hold up her or his hands, heel-to-heel,
to form a one-radian angle. A radian is
about 57 degrees. If the angle is much too
big or too small, you can correct them
quickly.

arc length
radian measure  _________
radius

For the work that follows, it is important to distinguish between the name
of the angle and the measure of that angle. Measures of angle V will be written
this way:
V is the name of the angle.
m°(V) is the degree measure of angle V.

To help students develop a good
understanding of radians, draw a large
circle and mark several exact radian
measures, including both integers and
multiples of . On the same circle, show
the decimal approximations for some of
the radian measures, especially
3
__
 2 , ,  __
2 and 2. Knowing decimal

approximations for multiples of  __
2 allows
students to determine which quadrant an
angle given in radians falls in. This helps
students understand why expressions
like cos 3.487 and sin 5.9 represent
negative quantities. If you gave students a
Trigonometric Ratios Table in Chapter 5,
have them complete it by filling in the
Radians column.

m R(V) is the radian measure of angle V.
Because the circumference of a circle is 2Qr and because r for the unit circle
is 1, the wrapped number line in Figure 6-4a divides the circle into 2Q units
(a little more than six parts). So there are 2Q radians in a complete revolution.
There are also 360° in a complete revolution. You can convert degrees to radians,
or the other way around, by setting up these proportions:
m°(V) 360°
m R(V) ____
180°
Q
_____
_____
or
 2Q  ____
 ____  ____
Q
2Q
m°(V) 360° 180°
m R(V)
Solving for m R(V) and m°(V), respectively, gives
180°
Q m°(V)
R
and
m°(V)  ____
m R(V)  ____
Q  m (V)
180°
These equations lead to a procedure for accomplishing the objective of this section.

PROCEDURE: Radian–Degree Conversion
Q
To find the radian measure of V, multiply the degree measure by ___
 .
180

180
To find the degree measure of V, multiply the radian measure by ___
.
Q 

EXAMPLE 1 ➤
SOLUTION

Convert 135
135° to radians.
In order to keep the units straight, write
each quantity as a fraction with the proper
units. If you have done the work correctly,
certain units will cancel, leaving the proper
units for the answer.

135° x
135 x
180° Q  180 = Q

3
135 degrees Qradians
m R(V)  __________ __________  __Q  2.3561... radians
180 degrees 4
1
Notes:

➤

t *GUIFexact value is called for, leave the answer as _34 Q. If not, you have the choice
of writing the answer as a multiple of Q or converting to a decimal.
t ć
 FQSPDFEVSFGPSDBODFMJOHVOJUTVTFEJO&YBNQMFJTDBMMFEdimensional
analysis. You will use this procedure throughout your study of mathematics.
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EXAMPLE 2 ➤ Convert 5.73 radians to degrees.
SOLUTION

Differentiating Instruction

5.73 radians __________
180 degrees
__________
 328.3048...°
Qradians
1

➤

EXAMPLE 3 ➤ Find tan 3.7.
SOLUTION

Unless the argument of a trigonometric function has the degree symbol, it is
assumed to be a measure in radians. (That is why it has been important for you
to include the degree symbol until now.) Set your calculator to radian mode and
enter tan 3.7.
tan 3.7  0.6247...

➤

EXAMPLE 4 ➤ Find the radian measure and the degree measure of an angle whose sine is 0.3.
SOLUTION

sin 1 0.3  0.3046... radian

Set your calculator to radian mode.

sin 1 0.3  17.4576...°

Set your calculator to degree mode.

To check whether these answers are in fact equivalent, you could convert one to
the other.
180 degrees
0.3046...radian __________  17.4576...° Use the 0.3046... already in your
Qradians
➤
calculator, without rounding.

Radian Measures of Some Special Angles
It will help you later in calculus to be able to recall quickly the radian measures of
certain special angles, such as those whose degree measures are multiples of 30°
and 45°.
By the technique of Example 1,
Qradian, or ___
1 revolution
30° m __
12
6
Qradian, or __
1 revolution
45° m __
4
8
If you remember these two, you can find others quickly by multiplication.
For instance,
Qradians, or __
1 revolution
60° m 2(Q/6)  __
3
6
Qradians, or __
1 revolution
90° m 3(Q/6) or 2(Q/4)  __
4
2
1 revolution
180° m 6(Q/6) or 4(Q/4)  Q radians, or __
2
For 180°, you can simply remember that a full revolution is 2Q radians, so half a
revolution is Q radians.

Section 6-4: Radian Measure of Angles

• Have students include radians in their
journals, writing the definition in their
own words.
• ELL students may have been taught to
useRto denote radian measure.
• Consider providing a table of
trigonometric ratios or a unit circle
for students to use as a reference.
Alternatively, have students create
their own unit circles.
• Be aware that students may have
learned conversions between degrees
and radians using 360° and 2.
• Many languages use the same word
for circumference and perimeter. ELL
students may interchange the words in
English.
• Allow ELL students to do Problems 1
and 2 in pairs. They are language
heavy.
• Demonstrate for students the form you
want them to use for exact answers.
Students may have learned a variety of
forms (across the class). It will take
time for them to adjust.
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Additional Exploration Notes

Figure 6-4d shows the radian measures of some special first-quadrant angles.
Figure 6-4e shows radian measures of larger angles that are _14 , _12 , _34 , and
1 revolution. The box summarizes this information.

Exploration 6-4a can be completed as a
whole-class activity. Problem 5 requires
a protractor. It is important because it
gives students an estimate of the number
of degrees in one radian. Allow 20–25
minutes for this exploration.

v

v

, 1
2 4

 , 90°
2

rev.

 , 60°
3

4 , 45°

,

 , 30°
6

1
2

2, 1 rev. u

rev.

Technology Notes
Presentation Sketch:
Radians Present.gsp at
www.keypress.com/keyonline
allows you to animate a point
along the radius of a circle to
demonstrate the size of a oneradian angle measure. The sketch
on the second page allows the point
to animate all the way around the
circle and visually demonstrates
the approximate number of
radians in 360° as well as the
22
approximation   __
7.

3 , 3
2 4

Figure 6-4d

EXAMPLE 5 ➤
SOLUTION

�

Q2.

60°

90°

180°

360°

Radians

Q/6

Q/4

Q/3

Q/2

Q

2Q

1
__

_1

_1

_1

_1

1

12

8

6

4

2

Q.
Find the exact value of sec __
6
Q
2 __
1__  ____
1
__
_
_
______
 ______
sec  sec 30° 
6
cos 30°
q3 /2
q3

60°

1

Recall how to use the
reference triangle to find
the exact value of cos 30°.

hypotenuse
sec = 1 =
adjacent
cos 

__
3

➤

Problem Set 6-4
Reading Analysis
From what you have read in this section, what do
you consider to be the main idea? Is a radian large
or small compared to a degree? How do you find the
radian measure of an angle if you know its degree
measure? How can you remember that there are
2Q radians in a full revolution?
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Quick Review
Q1. Sketch the graph of y  tan V.
Q2. Sketch the graph of y  sec V.
Q3. What is the first positive value of V at which the
graph of y  cot V has a vertical asymptote?
Q4. What is the first positive value of V for which
the graph of csc V  0?
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Q3.

 5 1808

Q4.

There is no value.

�
90°
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45°

30°

y

1

30°

2

y

90°

Figure 6-4e

Degrees

Revolutions

PRO B LE M N OTE S

1

rev.

PROPERTY: Radian Measures of Some Special Angles

CAS Activity 6-4a: Inverse
Trigonometric Functions in the
Instructor’s Resource Book has
students explore the relationships
between the inverse trigonometric
functions, and demonstrate that,
although there are six inverse
trigonometric functions, three of
them are sufficient. Allow 25–30
minutes.

Q1.

u

0, 0°

Chapter 6: Applications of Trigonometric and Circular Functions

Q5. What is the exact value of tan 60°?
Q6. What transformation of function f is
represented by g (x)  3f (x)?
Q7. What transformation of function f is
represented by h (x)  f (10x)?
Q8. Write the general equation for a quadratic
function.
Q9. 3 2015  3 2011  ?
Q10. The “then” part of the statement for a theorem
is called the
A. Converse

B. Inverse

C. Contrapositive

D. Conclusion

E. Hypothesis
1. Wrapping Function Problem: Figure 6-4f
shows the unit circle in a uv-coordinate system.
Suppose you want to use the angle measure in
radians as the independent variable. Imagine
the x-axis from an xy-coordinate system placed
tangent to the circle. Its origin, x  0, is at the
point (u, v)  (1, 0). Then the x-axis is wrapped
around the circle.

2. Arc Length and Angle Problem: As a result of the
definition of radian, you can calculate the arc
length as the product of the angle in radians and
the radius of the circle. Figure 6-4g shows arcs of
three circles subtended by a central angle of
1.3 radians. The radii of the circles have lengths
1, 2, and 3 cm.

r2

Q6.

y-dilation of 3

Q7. x-dilation of 0.1
Q8.

f (x) 5 ax21 bx 1 c, a  0

Q9. 3 4 5 81

arc
arc

1.3 arc
rad

1a.

3
2

Figure 6-4g

v

a. How long would the arc of the 1-cm circle be
if you measured it with a flexible ruler?

2

b. On your sketch from part a, show angles of
1, 2, and 3 radians in standard position.

3

x

2

1

0

u

1

r�1

1b.

3
2

b. Find the lengths of the arcs on the 2-cm circle
and the 3-cm circle using the properties of
similar geometric figures.

v
2
3

c. On a circle of radius r meters, what is the
length of an arc that is subtended by an angle
of 1.3 radians?

v

1

u

3

a. Show where the points x  1, 2, and 3 on the
number line map onto the circle.

c. Explain how the length of the arc of the unit
circle subtended by a central angle of the circle
is related to the radian measure of that angle.

Q10. D

Problem 1 introduces the next
section and reinforces the ideas in
Exploration 6-4. Be sure to assign
this problem. A blackline master for
Problem 1 is available in the Instructor’s
Resource Book.

r3

r1

__

Q5. 
 3 

d. How could you quickly find the length a
of an arc of a circle of radius r meters that is
subtended by a central angle of V radians?
Write a formula representing the arc length.

1
Figure 6-4f
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1

1
u

r�1

1c. The arc length on the unit circle
equals the radian measure.
Problem 2 develops the general formula
for finding the length of an arc given
the angle measure and the radius of the
circle. Be sure to assign this problem and
review it in the homework d
 iscussion.
2a.

1.3 cm

2b. 2.6 cm for r 5 2 cm;
3.9 cm for r 5 3 cm
2c.

1.3r m

2d.

a 5 r
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Problem Notes (continued)
Problems 3–30 can be done on
a CAS using a Solve command and
conversion ratios.
Problems 3–10 provide skill practice in
converting from degrees to exact radians.


4. __
3. __
3
4

__
6. 
5.
6
2
5
__
7.

8. __
3
2
Problems 11–14 provide skill practice in
converting from degrees to approximate
decimal forms of radians.
Problems 15–24 provide skill practice in
converting from radians to exact degree
measures.
Problems 25–30 provide skill practice in
converting from radians to approximate
decimal forms of degree measures.
Problems 31–34 provide skill practice in
finding approximate function values of
angles in radians. Remind students to
use the radian mode on their grapher.

Problems 39–48 provide skill practice
in finding the exact function values for
special angles in radians.
Problems 46–48 are examples of
trigonometric properties students will
study in Chapter 7.
Problems 49–54 review concepts from
previous chapters. Remind students to
put their graphers in degree mode for
these problems. A blackline master for
Problems 49 and 50 is available in the
Instructor’s Resource Book.

See pages 1004–1005 for answers to
Problems 9–54 and CAS Problems 1–3.
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3. 60°

4. 45°

5. 30°

6. 180°

7. 120°

8. 450°
10. 1080°

9. 225°

For Problems 11–14, find the radian measure of the
angle in decimal form.
11. 37°

12. 58°

13. 123°

14. 258°

For Problems 15–24, find the exact degree measure
of the angle given in radians (no decimals). Use the
most time-efficient method.
Qradian
Qradians
15. ___
16. __
10
2
Qradian
Qradian
18. __
17. __
6
4
Q radian
2Qradians
20. ___
19. ___
12
3
3Q
___
22. Q radians
21.
radians
4
3Q
5Qradians
___
24. ___
23.
radians
2
6
For Problems 25–30, find the degree measure in
decimal form of the angle given in radians.
25. 0.34 radian

26. 0.62 radian

27. 1.26 radians

28. 1.57 radians

29. 1 radian

30. 3 radians

For Problems 31–34, find the function value
(in decimal form) for the angle in radians.
31. sin 5

32. cos 2

33. tan(2.3)

34. sin 1066

For Problems 39–44, find the exact value of the
indicated function (no decimals). Note that because
the degree sign is not used, the angle is assumed to
be in radians.
Q
40. cos Q
39. sin __
3
Q
Q
__
42. cot __
41. tan 
2
6
Q
43. sec 2Q
44. csc __
4
For Problems 45–48, find the exact value of the
expression (no decimals).
Q6 cos __
Q
Qsin __
Q
45. sin __
46. csc __
2
3
6
6
Q sec 2 __
Q
47. cos 2 Q sin 2 Q
48. tan 2 __
3
3
For Problems 49 and 50, write a particular equation
for the sinusoid graphed.
49.

y

12
5

V
2°

–2

50.

11°

y

6
5

V
15°

100°

For Problems 51 and 52, find the length of the side
labeled x in the right triangle.
51.

x
55°

For Problems 35–38, find the radian measure
(in decimal form) of the angle.

52.
20°

17 cm

100 cm

x

tan 1 5 = x

tan –1 5 = x

5




Problems 35–38 require students to find
an angle in radians given a y-value.
Remind students to use radian mode on
their grapher and that sin21 0.3 doesn’t
1
mean _____
. Discuss how students can
sin 0.3
21
find cot and csc21 on their grapher
using the tan21 and sin21 keys.

For Problems 3–10, find the exact radian measure of
the angle (no decimals).

tan x = 5
tan x = 5
35. sin

1

0.3

37. cot 1 3
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x

1

36. tan

1

For Problems 53 and 54, find the degree measure of
angle V in the right triangle.
53.

5







54.

10 ft
V

38. csc 1 1.001
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Additional CAS Problems

1. Put your CAS in radian mode and
calculate tan–1 _12 , cot–1 _73 , csc–1 4 ,
9
18
1
–1 _
–1 _
sin–1 __
95 , sec  2 , and cos  4 . Enter the
expression in the first row of a table with
the CAS result in the second row. There
are six inverse trigonometric functions,
but how many seem to be absolutely
necessary? Explain.

Chapter 6: Applications of Trigonometric and Circular Functions

2. Determine the measure of an angle
whose radian measure numerically
equals the square of its degree measure.
3. A sector of a circle with radius r is
defined by an angle measuring x radians.
If the perimeter of the sector is 25 units
and the area of the sector is 20 units,
then what are the values of x and r?

5 ft

6 -5 Circular Functions
The normal human EKG
(electrocadiogram) is periodic.

Objective

In many real-world situations, the independent variable of a periodic function
is time or distance, with no angle evident. For instance, the normal daily high
temperature varies periodically with the day of the year. In this section you
will learn about circular functions, periodic functions whose independent
variable is a real number without any units. These functions, as you will see,
are identical to trigonometric functions in every way except for their argument.
Circular functions are more appropriate for real-world applications. They also
have some advantages in later courses in calculus, for which this course is
preparing you.
-FBSOBCPVUUIFDJSDVMBSGVODUJPOTBOEUIFJSSFMBUJPOTIJQUPUSJHPOPNFUSJD
GVODUJPOT

360°

x

720°

2



3

v
2

x1


3



3

2

0

2

v

x

1

1

u

Presentation Sketch: Circular
Functions Present.gsp
Presentation Sketch: Circular
Transforms Present.gsp

Exploration 6-5a: Circular
Function Parent Graphs

Arc of
length x

x rad


The Inequality sin x  x  tan x
(Problem 48)

Presentation Sketch: Sine
Challenge Present.gsp

Wrapped x-axis

x
1

x rad

RA, Q1–Q10, Problems 1–3, 6, 7, 10, 11,
14, 15, 19, 23, 25, 27, 31, 37, 39, 44, (45,
46, 48), 49

Sinusoid Dilation (Problem 46)

To see how the independent variable can represent a real number, imagine
the x-axis from an xy-coordinate system lifted out and placed vertically tangent to
the unit circle in a uv-coordinate system with its origin at the point (u, v)  (1, 0),
as on the left side in Figure 6-5b. Then wrap the x-axis around the unit circle. As
shown on the right side in Figure 6-5b, x  1 maps onto an angle of 1 radian,
x  2 maps onto 2 radians, x  Q maps onto Q radians, and so on.

2

Homework Assignment

Sinusoid Translation (Problem 45)

4

Figure 6-5a

x-axis

1 day

Technology Resources

1


Class Time

Exploration 6-5a: Circular Function
Parent Graphs
Supplementary Problems

y  cos x

y  cos 

PL AN N I N G

Teaching Resources

Two cycles of the graph of the parent cosine function are completed in 720°
(Figure 6-5a, left) or in 4Q units (Figure 6-5a, right), because 4Q radians
correspond to two revolutions.
1

Sec tion 6 -5

0

u

Activity: Trigonometry Tracers
Activity: Transformations of
Circular Functions

1
1
Figure 6-5b

TE ACH I N G
Section 6-5: Circular Functions
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Important Terms and Concepts
Circular functions
Standard position

Section 6-5: Circular Functions

307

Section Notes

The distance x on the x-axis is equal to the
arc length on the unit circle. This arc length
is equal to the radian measure for the
corresponding angle. Thus the functions
sin x and cos x for a number x on the x-axis
are the same as the sine and cosine of an
angle of x radians.

Section 6-5 introduces circular functions.
Circular functions are identical to
trigonometric functions except that their
arguments are real numbers without
units rather than degrees. The radian,
introduced in the previous section,
provides the link between trigonometric
functions and circular functions.

u
cos x

Figure 6-5c

The name circular function comes from the fact that x equals the length of an arc
on the unit circle. The other four circular functions are defined as ratios of sine
and cosine.

DEFINITION: Circular Functions
If (u, v) is the terminal point of an arc of length x in standard position on the
unit circle, then the circular functions of x are defined as

Differentiating Instruction

308

u

coordinate  __v  v
________________
sin x  vertical
1
radius

Note: Although there is no symbol for
radians— is a number without any
units—students can use  as a clue for
radians.

Exploration 6-5a requires students
to investigate graphs of parent
trigonometric and circular functions.

arc  x

uu
coordinate  __
__________________
cos x  horizontal
1
radius

Summarize the section with the chart at
the bottom of this page to help students
learn the clues (words and symbols) that
determine whether degree or radian
mode should be used.

Exploration Notes

v
sin x

x rad

Figure 6-5c shows an arc of length x on the
unit circle, with the corresponding angle.
The arc is in standard position on the unit
circle, with its initial point at (1, 0) and its
terminal point at (u, v). The sine and cosine
of x are defined in the same way as for the
trigonometric functions:

For Example 2 on page 309 and the
homework problems, you may need to
remind students that the period for the
parent tangent graph and the parent
cotangent graph is , not 2.

• Students may not be accustomed to
the convention of using Greek letter
arguments to represent degrees and
Roman letters to represent radians.
Be sure to point out this distinction
and provide several examples to help
students become comfortable with this
distinction.
• Consider allowing ELL students to
do Problems 46–48 in pairs and
providing them with the answers.
These problems contain challenging
language and important concepts.
Alternatively, work through these
problems as a class.

(cos x, sin x) (u, v)

sin x  v

cos x  u

v
sin x __
tan x  _____
cos x  u
1
1
__
sec x  _____
cos x  u

cos x  __
u
cot x  _____
sin x v
1  __
1
csc x  ____
sin x v

Circular functions are equivalent to trigonometric functions in radians. This
equivalency provides an opportunity to expand the concept of trigonometric
functions. You have seen trigonometric functions first defined using the angles of
a right triangle and later expanded to include all angles. From now on, the concept
of trigonometric functions includes circular functions, and the functions can have
both degrees and radians as arguments. The way the two kinds of trigonometric
functions are distinguished is by their arguments. If the argument is measured
in degrees, Greek letters represent them (for example, sin V). If the argument is
measured in radians, the functions are represented by letters from the Roman
alphabet (for example, sin x).
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Problems 1–3 ask students to sketch the
parent sine, cosine, and tangent graphs
from 0° through 720°. Problems 4–6 have
students graph the same three functions in
radian mode. Problem 7 asks students to
relate the periods of the graphs to degrees
and radians. Problem 8 asks students to
write an equation for a given sinusoid (the
same sinusoid as in Example 2). You can
use this exploration to introduce the section
or as a quiz after the section is completed.

Chapter 6: Applications of Trigonometric and Circular Functions

If you use it as an introduction, allow 25
minutes. If you use it as a quiz, allow less
time and consider asking students to do
their work without their graphers.
Degrees

Radians

Phrase

Trigonometric

Circular

Variable



x

Symbol

°

None ()

EXAMPLE 1 ➤
SOLUTION

Plot the graph of y  4 cos 5x on your grapher, in radian mode. Find the period
graphically and algebraically. Compare your results.
Figure 6-5d shows the graph.
Tracing the graph, you find that the first high point beyond x  0 is between
x  1.25 and x  1.3. So graphically the period is between 1.25 and 1.3.

4

y

1

2

3

x

Figure 6-5d

To find the period algebraically, recall that the 5 in the argument of the cosine
function is the reciprocal of the horizontal dilation. The period of the parent
cosine function is 2Q, because there are 2Q radians in a complete revolution. Thus
the period of the given function is
1(2Q)  0.4Q  1.2566...
__
5
The answer found graphically is close to this exact answer.
➤
Note: Using the MAXIMUM feature of your grapher confirms that the high point is at
x  1.2566....

EXAMPLE 2 ➤

Find a particular equation for the sinusoid function graphed in Figure 6-5e. Notice
that the horizontal axis is labeled x, not V, indicating that the angle is measured in
radians. Confirm your answer by plotting the equation on your grapher.
y

1

x

10
Figure 6-5e

y  C  A cos B(x  D)

SOLUTION

Write the general sinsoidal equation, using x
instead of V.

t 4JOVTPJEBMBYJTJTBUy  3, so C  3.

Find A, B, C, and D using
information from the graph.

t "NQMJUVEFJT BOEUIFDZDMFTUBSUTBU
a high point, so A  2.
t 1FSJPEJT





5 , so B  __
Q.
t %JMBUJPOJT___
10 or __
5
2Q Q





From one high point to the
next is 11  1.
B is the reciprocal of the
horizontal dilation.

Cosine starts a cycle at a
t 1IBTFEJTQMBDFNFOUJT GPSUIF
high point.
parent function cos x), so D  1.
Q(x  1)
Write the particular equation.
y  3  2 cos __
5
Plotting this equation in radian mode confirms that it is correct.
➤

Technology Notes
Problem 45: The Sinusoid Translation
Problem asks students to explore
translations of sine and cosine
graphs with the help of the Dynamic
Precalculus Exploration at
www.keymath.com/precalc.
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Problem 46: The Sinusoid Dilation
Problem asks students to explore,
with the help of the Dynamic
Precalculus Exploration at
www.keymath.com/precalc,
dilations of the sine graph and the
effects the dilations have on the
period of the graph.

Problem 48: The Inequality
sin x  x  tan x Problem asks
students to explore the inequality
sin x  x  tan x with the help
of an interactive sketch in the
Dynamic Precalculus Exploration
at www.keymath.com/precalc.
Presentation Sketch: Circular
Functions Present.gsp at
www.keypress.com/keyonline
demonstrates all six trigonometric
functions as lengths of certain
legs of a triangle constructed
around the unit circle. This sketch
could serve as an introduction
to the activity Transformations
of Circular Functions, in which
students are asked to construct
these triangles themselves.
Presentation Sketch: Circular
Transforms Present.gsp at
www.keypress.com/keyonline
animates a point on the unit circle
to show the graphs of sine, cosine,
and tangent as well as a horizontal
dilation of these three graphs. This
could serve as an introduction to
the activity Transformations of
Circular Functions.
Presentation Sketch:
Sine Challenge Present.gsp at
www.keypress.com/keyonline
plots a point and asks for a dilation
of the sine function that passes
through the point. You may wish to
have students experiment with the
sketch on their own.
Exploration 6-5a: Circular
Function Parent Graphs in the
Instructor’s Resource Book can be
enhanced by using Sketchpad.
Students can graph in either
radians or degrees by changing the
Preferences in the Edit menu.

Section 6-5: Circular Functions
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Technology Notes (continued)

EXAMPLE 3 ➤ Sketch the graph of y tan __Q6 x.

Activity: Trigonometry Tracers
in the Instructor’s Resource
Book guides students through a
Sketchpad construction of the
graphs of sine, cosine, and tangent
based on the coordinates of a point
on a unit circle. Allow 30 minutes.
Activity: Transformations
of Circular Functions in the
Instructor’s Resource Book has
students start with a base sketch
and build it up to be similar to
the presentation sketch Circular
Transforms Present.gsp, mentioned
earlier. It is an extended activity
emphasizing the effect on period
and amplitude of dilations of the
sine and cosine graphs. Allow
45 minutes.

CAS Suggestions
Remember that Boolean logic can be
used to confirm the computation of the
period of a trigonometric function.

PRO B LE M N OTE S
A Supplementary Problem on reflection
of the sine function is available for
this section at www.keypress.com/
keyonline.
Q2. 3608

Q1. 
57.2957...8

Q3.

Q5. 0.7313...
728

Q7.

Q9. 5 h

Q4.

0.5934...

Q6.

0.1235...

Q10. 0.05

458
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8.

908

In order to graph the function, you need to identify its period, the locations of its
inflection points, and its asymptotes.
Q
6
Horizontal dilation is the reciprocal of __
; the period of
Period  __
6
Q Q6
the parent tangent function is Q.

For this function, the points of inflection are also the x-intercepts, or the points
where the value of the function equals zero. So
Qx  0, Q, 2Q, . . .
__
6
x  0, 6, 12, . . .

y

1

6

12

x

Figure 6-5f

Asymptotes are at values where the function is undefined. So
Q, __
Q, ___
5Q, . . .
3Q, ___
Q x  __
__
2 2 2 2
6
x  3, 3, 9, 15, . . .
Recall that halfway between a point of inflection and an asymptote the tangent
equals 1 or 1. The graph in Figure 6-5f illustrates these features.
➤
Note that in the graphs of circular functions the number Q appears either in the
equation as a coefficient of x or in the graph as a scale mark on the x-axis.

Problem Set 6-5
Reading Analysis
From what you have read in this section, what
do you consider to be the main idea? As defined in
this text, what are the differences and the similarities
between a circular function and a trigonometric
function? How do angle measures in radians link the
circular functions to the trigonometric functions?
5m

Q1.
Q2.
Q3.
Q4.
Q5.
Q6.
Q7.
Q8.

Q8. 7

Problems 1–24 review ideas from
Section 6-4.
 units
 units
2. __
1. __
6
3


__
__
units
4.
3.
units
2
4
5. 608
6. 308
7.

SOLUTION
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in

Quick Review

How many radians are in 180°?
How many degrees are in 2Q radians?
How many degrees are in 1 radian?
How many radians are in 34°?
Find sin 47°.
Find sin 47.
Find the period of y  3  4 cos 5(V  6°).
Find the upper bound for y for the sinusoid
in Problem Q7.

Q9. How long does it take you to go 300 mi at an
average speed of 60 mi/h?
Q10. Write 5% as a decimal.
For Problems 1–4, find the exact arc length on
the unit circle subtended by the given angle (no
decimals).
1. 30°

2. 60°

3. 90°

4. 45°

For Problems 5–8, find the exact degree measure of
the angle that subtends the given arc length on the
unit circle.
Qunits
Qunit
6. __
5. __
3
6
Q
Q
__
__
8. units
7. unit
4
2
For Problems 9–12, find the exact arc length on the
unit circle subtended by the given angle in radians.
Qradians
9. __
10. Q radians
2
11. 2 radians
12. 1.467 radians
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In Problems 9–12 check that students
understand that on a unit circle the length
of an arc is equal to the radian measure
of the corresponding angle. Students are
often puzzled by these problems because
they seem too simple. Do not provide an
example for Problems 9–12. Allow students
to think the problems through.
 units
10.  units
9. __
2
11. 2 units
12. 1.467 units
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13.

1.5574...

14. 0.9092...

15.

21.0101...

16.

0.8636...

17.

1.2661...

18.

0.9505...

19.

0.2013...

20. 1.4594...

Problems 21–24 are trivial for students
using a CAS.
__
3
1__
22. ____
21. ____
2
2
1__
24. undefined
23. ____
3

For Problems 13–16, evaluate the circular function
in decimal form.
13. tan 1

14. sin 2

15. sec 3

16. cot 4

34.

13
4

17. cos 1 0.3

18. tan 1 1.4

19. csc 1 5

20. sec 1 9

x

1

For Problems 17–20, find the inverse circular
function in decimal form.

10

5
2

x
40

25

36.

y

5

1

2

3

4

5

6

7

8

9

x

y

4

6

8
7
6

4

x
18

12

1 1 __
 1 n;
30. Period 5 __
 1 ; Asymptotes at  __
4
2
2
1 n
Points of inflection at 1 __
2

5

38.

For Problems 33–42, find a particular equation for
the circular function graphed.
33.

5

y

y
4

y

4

4
3
2
1

29. Period 5 4; Asymptotes at 4n;
Points of inflection at 2 1 4n

x

3
For Problems 29–32, find the period, asymptotes,
and critical points or points of inflection, and then
sketch the graph.

32. y  3 csc x

2

y

Q(x  2)
28. y  5  4 cos __

31. y  2  sec x

x

1

0.2

37.

30. y  tan 2Qx

28. Period 5 6; Amplitude 5 4;
Phase displacement 5 12;
Sinusoidal axis 5 15

y
0.3

3 2 1

Qx
29. y  cot __
4

�4

7

2Q(x  1)
26. y  4  5 sin ___
3
Q(x  1)
27. y  2  6 sin __
4

x
2

20

Q
23. tan __
24. csc Q
6
For Problems 25–28, find the period, amplitude,
phase displacement, and sinusoidal axis location.
Use these features to sketch the graph. Confirm your
graph by plotting the sinusoids on your grapher.
Q(x  4)
25. y  3  2 cos __
5

y

y

35.

For Problems 21–24, find the exact value of the
circular function (no decimals).
Q
Q
22. cos __
21. sin __
4
3

27. Period 5 8; Amplitude 5 6;
Phase displacement 5 21;
Sinusoidal axis 5 12

y

8

x

x
1

5

1

2

3

4

5

6

7

8

x

Problems 25–32 provide practice in
graphing a circular function given its
equation. Watch for students who use 2
instead of  as the period of the parent
tangent and cotangent graphs.

Section 6-5: Circular Functions

26. Period 5 3; Amplitude 5 5;
Phase displacement 5 21;
Sinusoidal axis 5 24
y

25. Period 5 10; Amplitude 5 2;
Phase displacement 5 14;
Sinusoidal axis 5 1 3
y

x
4
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Problems 33–42 require students to write
the equation of a circular function given
its graph. Problems 41 and 42 provide
only a portion of one cycle.
 (x 2 1)
33. y 5 5 1 2 cos  __
3
34. y 5 4 1 9 cos 10x
  (x 1 5)
35. y 5 22 1 5 cos  ___
15
 (x 1 1)
36. y 5 0.25 1 0.05 cos  __
4
37. y 5 csc __
  x
6
 x
38. y 5 cot  __
4

�9

5
x
4

See page 1005 for answers to
Problems 31 and 32.
Section 6-5: Circular Functions
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Problem Notes (continued)

39.

y

45.

39. y 5 3 tan x
40.

3

y 5 22 1 sec x

z 5 28 1 2 sin 5(t 2 0.17)
 (r 2 100)
42. E 5 22.4 1 7.2 cos ___
800
Problems 43 and 44 prepare students for
the next section. Definitely assign one of
these problems.

x

41.

Q
4

y

40.

y

The solution to Problem 45a
could be confirmed with Boolean
algebra on a CAS. In Problem 45b, a
CAS automatically reduces the given
expression to cos x, suggesting that the
horizontally translated graph coincides
with the original graph.
;
45a. Horizontal translation of 1__
2

sin x 5 cos  x 2 __
2
45b. Horizontal translation of 12;
the graph would coincide with itself and
appear unchanged.
45c. 12 or 22, or any multiple of
2
45d. A horizontal translation by a
multiple of 2 results in a graph that
coincides with itself. The period of the
sine function is 2.

1

5

43. z (0.4) 5 28.9079...;
z (50) 5 28.9079...; z (50) is 0.9079...
below the sinusoidal axis.
44. E(1234) 5 24.2452...;
E(10,000) 5 0.3553...; E(10,000) is
2.7553... above the sinusoidal axis.

Q

Sinusoid Translation Problem:
Figure 6-5g shows the graphs of y  cos x
(dashed) and y  sin x (solid). Note that
the graphs are congruent to each other (if
superimposed, they coincide), differing only in
horizontal translation.



Figure 6-5g

a. What translation would make the cosine
graph coincide with the sine graph? Complete
the equation: sin x  cos( ? ).

5

41.

z
0.07

0.13

0.27

b. Let y  cos(x  2Q). What effect does this
translation have on the cosine graph?

t
0.47

c. Name a positive and a negative translation
that would make the sine graph coincide
with itself.

6

d. Explain why sin(x  2Qn)  sin x for any
integer n. How is the 2Q related to the sine
function?

10

42.

x

1

x

Q

2 3 4

4.8

2.4

E

100

300

500

700

900

e. Using dynamic geometry software such as The
Geometer’s Sketchpad, plot two sinusoids
with different colors illustrating the concept of
this problem, or use the Sinusoid Translation
exploration at www.keymath.com/precalc.
One sinusoid should be y  cos x and the
other y  cos(x  k), where k is a slider or
parameter with values between 2Q and 2Q.
Describe what happens to the transformed
graph as k varies.

r

9.6

43. For the sinusoid in Problem 41, find the value
of z at t  0.4 on the graph. If the graph is
extended to t  50, is the point on the
graph above or below the sinusoidal axis?
How far above or below?
44. For the sinusoid in Problem 42, find the value
of E at r  1234 on the graph. If the graph is
extended to r  10,000, is the point on the
graph above or below the sinusoidal axis?
How far above or below?

46.

Sinusoid Dilation Problem: Figure 6-5h
shows the unit circle in a uv-coordinate system
with angles of measure x and 2x radians. The
uv-coordinate system is superimposed on an
xy-coordinate system with sinusoids y  sin x
(dashed) and an image graph y  sin 2x (solid).

45e. Answers will vary. As k increases,
the graph moves to the right.
Problem 46 has students investigate
horizontal stretches of sinusoids using
the Sinusoid Translation exploration at
www.keymath.com/precalc. Students
should already feel comfortable with
these transformations, but this problem
gives them an opportunity to examine
them from a different perspective.
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46a. Because the length of the
hypotenuse 5 the radius of the circle 5 1,
v1
v
y 5 sin x 5 __________
5 __11 5 v1,
radius of circle
v2
v
and y 5 sin 2x 5 __________
5 __12 5 v2.
radius of circle
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46b. Answers will vary. The second angle
measure is double the first, but the moving
points on the sinusoids always have the
same x-values.

(x 2 , y2 )1
(x 1 , y1)

v or y
2x
x
x

(u2 , v2 )
(u1 , v1 )
1
2

48.
3

4

5

u or x

Figure 6-5h

The Inequality sin x x tan x
Problem: In this problem you will examine the
Q
inequality sin x x tan x for 0 x __
2 .
Figure 6-5i shows angle AOB in standard
position, with subtended arc AB of length x on
the unit circle.

a. Explain why the value of v for each angle is
equal to the value of y for the corresponding
sinusoid.
b. Create Figure 6-5h with dynamic geometry
software such as Sketchpad, or go to
www.keymath.com/precalc and use the
Sinusoid Dilation exploration. Show the whole
unit circle, and extend the x-axis to x  7. Use
a slider or parameter to vary the value of x. Is
the second angle measure double the first one
as x varies? Do the moving points on the two
sinusoids have the same value of x?
c. Replace the 2 in sin 2x with a variable factor,
k. Use a slider or parameter to vary k. What
happens to the period of the (solid) image
graph as k increases? As k decreases?
47. Circular Function Comprehension Problem:
For circular functions such as cos x, the
independent variable, x, represents the length of
an arc of the unit circle. For other functions you
have studied, such as the quadratic function
y  ax 2  bx  c, the independent variable, x,
stands for a distance along a horizontal number
line, the x-axis.
a. Explain how the concept of wrapping the
x-axis around the unit circle links the two
kinds of functions.
b. Explain how angle measures in radians link
the circular functions to the trigonometric
functions.

Problem 48 makes an excellent group
activity. Sin x is the length of the vertical
segment BC, and tan x is the length
of the vertical segment if the radius is
extended to a point (1, tan x).
arc  5 __
 x 5 x
48a. mR (AOB) 5  ______
radius 1
48b. The circle is a unit circle. Hence
AD
BC 5 sin x, and AD 5  ___
5 tan x.
OA

D

B
x
O

47b. A radian measure corresponds
to an angle measure, using mR() 5

m()  ___
 180
, but because a radian measure
is a pure number, it can represent
something other than an angle in an
application problem.

C A

Figure 6-5i

a. Based on the definition of radians, explain
why x is also the radian measure of
angle AOB.

48c.

b. Based on the definitions of sine and tangent,
explain why BC and AD equal sin x and tan x,
respectively.
c. From Figure 6-5i it appears that
sin x x tan x. Make a table of values
to show numerically that this inequality is true
even for values of x very close to zero.
d. Construct Figure 6-5i with dynamic geometry
software such as Sketchpad, or go to
www.keymath.com/precalc and use the
Inequality sin x x tan x exploration. On
your sketch, display the values of x and the
ratios (sin x)/x and (tan x)/x. What do you
notice about the relative sizes of these values
when angle AOB is in the first quadrant? What
value do the two ratios seem to approach as
angle AOB gets close to zero?
49. Journal Problem: Update your journal
with things you have learned about the
relationship between trigonometric functions
and circular functions.

x

sin x

tan x

0.1

0.0998... 0.1003...

0.01

0.0099... 0.0100...

0.001 0.0009... 0.0010...
sin x
48d.  ____
x  1, but approaches 1 as
____x  1, but also
x approaches 0;  tan
x
approaches 1 as x approaches 0.

49.

Journal entries will vary.

Additional CAS Problems
1. A sector of a circle has an area that is
numerically 5 units larger than the
length of its arc. What is the exact
value of the radius of the circle if the
radius is 1 unit shorter than the arc
length?
2. What is the exact value of the radius
of a circle for which the arclength of a
sector is equivalent to the radian angle
measure of the sector?

46c. As k increases, the period
decreases, and vice versa. The period is
2
always  __
.
| k |
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Problem 47 is a good journal problem.
47a. Wrapping the x-axis around the
unit circle converts distances along the
x-axis to arc lengths, and vice-versa. In
particular, it shows that a circular function’s
independent variable (arc length) is the
same as a distance along the x-axis. So for
both types of functions, the independent
variable is a distance along the x-axis.

3. What is the exact value of the radius
of a circle for which the area of a
sector of the circle is equivalent to the
radian angle measure of the sector?

See page 1005 for answers to
CAS Problems 1–3.
Section 6-5: Circular Functions
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6 - 6 Inverse Circular Relations:

Sec tion 6 - 6

Given y, Find x

PL AN N I N G

A major reason for finding the particular equation for a
sinusoid is to use it to evaluate y for a given x-value or to
calculate x when you are given y. Functions are used this
way to make predictions in the real world. For instance,
you can express the time of sunrise as a function of the
day of the year. With this equation, you can predict the
time of sunrise on a given day by simply evaluating the
expression. Predicting the day(s) on which the Sun rises
at a given time is more complicated. In this section you
will learn graphical, numerical, and algebraic ways to
find x for a given value of y.

Class Time
1 day

Homework Assignment

RA, Q1–Q10, Problems 1–13 odd

Teaching Resources

Exploration 6-6a: Sinusoids, Given y,
Find x Numerically
Exploration 6-6b: Given y, Find x
Algebraically
Supplementary Problems

Objective

Technology Resources

The symbol cos 1 0.3 means the inverse cosine
function evaluated at 0.3, a particular arc or
angle whose cosine is 0.3. By calculator, in
radian mode,

TE ACH I N G

cos 1 0.3  1.2661...

Important Terms and Concepts

x  cos1 0.3
 1.2661...
u

u  0.3

The general solution for the arccosine of a number is written this way:
arccos 0.3  cos 1 0.3  2Qn

General solution for arccos 0.3.

where n stands for an integer. The  sign tells you that both the value from the
calculator and its opposite are values of arccos 0.3. The 2Qn tells you that any arc
that is an integer number of revolutions added to these values is also a value of
arccos 0.3. If n is a negative integer, a number of revolutions is being subtracted
from these values. Note that there are infinitely many such values.

Section Notes
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v

The inverse cosine relation includes all arcs or
x  cos1 0.3
 1.2661...
angles whose cosine is a given number. The
Figure 6-6a
term that you’ll use in this text is arccosine,
abbreviated arccos. So arccos 0.3 means any arc or angle whose cosine is 0.3, not
just the function value. Figure 6-6a shows that both 1.2661... and 1.2661... have
cosines equal to 0.3. So 1.2661... is also a value of arccos 0.3.

Inverse circular relations
Inverse cosine function
Inverse cosine relation
Arccosine
Arccos
General solution
Principal value
Inverse circular function

To introduce this section numerically,
have students find the following cosine
values (radian mode).

(JWFOUIFFRVBUJPOPGBDJSDVMBSPSUSJHPOPNFUSJDGVODUJPOBOEBQBSUJDVMBS
value of y öOETQFDJöFEWBMVFTPGx or VHSBQIJDBMMZ OVNFSJDBMMZ BOE
BMHFCSBJDBMMZ

The Inverse Cosine Relation

Exploration 6-6a: Sinusoids,
Given y, Find x Numerically

Section 6-6 introduces students to the
inverse cosine relation, or arccosine, and
discusses the general solution for the
arccosine of a number. This section is
critical for understanding how to solve
equations involving circular functions
and must not be omitted. The real-world
problems in Section 6-7 require the skills
learned in this section.

Radar speed guns use inverse
relations to calculate the speed
of a car from time
measurements.

The arcsine and arctangent relations will be defined in Section 7-4 in connection
with solving more general equations.
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5
1. cos __
3
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?

Answer: 0.5

2 5
2. cos ___
3

?

Answer: 0.5

7 5
3. cos ___
3

?

Answer: 0.5

8 5 ?
4. cos ___
Answer: 0.5
3
Then have them find the value of the inverse
cosine function, cos21 0.5, using a grapher.
The answer is the single value 1.0471...,

which equals only __
3 . The inverse cosine

Chapter 6: Applications of Trigonometric and Circular Functions

relation, arccos 0.5, has an infinite number
of values, including all four of the values
shown in Problems 1–4 to the left. Ask
students to find the difference between the
angles in Problems 1 and 3, and between
the angles in Problems 2 and 4. (The
difference is 2, an angle of one complete
revolution.) Then ask them why the
difference between the angles in Problems
1 and 2 is not also 2. (There are two angles
in each revolution that have equal cosines.)

In Example 2, point out the difference
between the 5 sign and the  sign.

DEFINITION: Arccosine, the Inverse Cosine Relation
arccos x cos 1 x  2Qn

arccos x cos 1 x  360°n

or

where n is an integer
Verbally: Inverse cosines come in opposite pairs with all their coterminal
angles.

Note: The function value cos 1 x is called the principal value of the inverse cosine
relation. This is the value the calculator is programmed to give. In Section 7-6, you
will learn why certain quadrants are picked for these inverse function values.

EXAMPLE 1 ➤
SOLUTION

arccos(
Find the first five positive values of arccos(0.3).
Assume that the inverse circular function is being asked for.
arccos (0.3)  cos 1(0.3)  2Qn

or

 1.8754...  2Qn

By calculator.

 1.8754..., 1.8754...  2Q, 1.8754...  4Q

Use cos 1(0.3).

1.8754...  2Q, 1.8754...  4Q

Use cos 1(0.3).

 1.8754..., 8.1586..., 14.4418...
or 4.4076..., 10.6908...
 1.8754..., 4.4076..., 8.1586...,
10.6908..., 14.4418...

Arrange in
ascending order. ➤

f1(x) 5 4 1 13/(2) cos21(24/7) 1 13x

Finding x When You Know y

f2 (x) 5 4 2 13/(2) cos21(24/7) 1 13x

y
16

2
5

SOLUTION

Once a general solution is found,
particular solutions can be obtained
by substituting integer values for n. A
grapher table is an efficient way to find
particular solutions, using these functions:

Note: Do not round the value of cos 1(0.3) before adding the multiples of 2Q.

Figure 6-6b shows a sinusoid with a horizontal line drawn at y  5. The horizontal
line cuts the part of the sinusoid shown at six different points. Each point
corresponds to a value of x for which y  5. The next examples show how to find
the values of x by three methods.

EXAMPLE 2 ➤

Example 4 on page 316 shows how to find
a general solution of the equation
9 1 7 cos ___
 2 (x 2 4) 5 5.
13
When discussing this example,
emphasize that after the general
solution is substituted for arccosine, the
13
coefficient __
 2
must be distributed over
both terms. In solving equations like this,
students often forget to distribute the
coefficient over the 2n. Point out that
the coefficient of n in the general solution
should match the period of the graph.

5

10
15
Figure 6-6b

20

25

x

Find graphically the six values of x for which y  5 for the sinusoid in Figure 6-6b.
On the graph, draw vertical lines from the intersection points down to the x-axis
(Figure 6-6b). The values are
x  4.5, 0.5, 8.5, 12.5, 21.5, 25.5
Section 6-6: Inverse Circular Relations: Given y, Find x

It is important that students understand
that the definition of arccosine given in the
text requires that n stand for any integer
and that the arccosine of a number is a
collection of angle measurements.
Follow up graphically by having students
work Exploration 6-6a. Algebraic solutions
for x as presented in Exploration 6-6b can
be done the same day in longer blockscheduling periods.

➤
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x (or n)

f1 (x)

f2 (x)

21

281.5084...

272.4915...

0

8.5084...

20.5084...

1

21.5084...

12.4915...

2

34.5084...

25.4915...

Before allowing students to use grapher
tables to find solutions, make sure they
have had sufficient practice finding
solutions using the paper-and-pencil
method and that they demonstrate
an understanding of the idea behind
selecting values of n.

The examples in Section 6-6 use graphical,
numerical, and algebraic methods to find
the x-values of a sinusoid that correspond
to a particular y-value. Be sure to discuss
the numerical method in detail so students
understand that they must find both of the
adjacent x-values and then find additional
answers by adding multiples of the period
to each of these values. Have students store
each of the adjacent x-values in the memory
of their calculators.
Section 6-6: Inverse Circular Relations: Given y, Find x
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Differentiating Instruction

EXAMPLE 3 ➤

• Point out the mathematical meanings
of particular, principal, and
supplementary. Bilingual dictionaries
may give only the standard English
definitions.
• There are several different ways to
write 2n and 360°n. Students may
have learned to write this as 2k or
2z and 360°k or 360°z.
• Be aware that some students who
have studied trigonometry (to varying
levels) may have been taught to leave
answers (such as those in Example 4)
in fraction form. Confirm that
students understand your expectation
regarding how to write their answers.
• The Reading Analysis may be
confusing for students who have
studied trigonometry from a different
approach.

SOLUTION

Section 6-5.

f2(x)  5
x  8.5084...

Exploration 6-6b has students find the
same x-values for the same function
as in Exploration 6-6a, but using
algebraic methods rather than graphical
ones. Allow 15–20 minutes for this
exploration.

316

Plot a horizontal line at y  5.

x  12.4915...

and

Use the intersect or solver
feature on your grapher to find
two adjacent x-values.

x  8.5084...  13(1)  4.4915...

Add multiples of the period to
find other x-values.

x  12.4915...  13(1)  0.5085…
x  8.5084...  13(1)  21.5084...
x  12.4915...  13(1)  25.4915...
These answers agree with the answers found graphically in Example 2.

➤

Note that the  sign is used for answers found numerically because the solver or
intersect feature on most calculators gives only approximate answers.

EXAMPLE 4 ➤
SOLUTION

Find algebraically (by calculation) the six values of x in Example 2. Show that the
answers agree with those in Examples 2 and 3.
2Q(x  4)  5
9  7 cos ___
Set the two functions equal to each
13
other.

2Q(x  4) __
4
cos ___
7
13

Exploration Notes
Exploration 6-6a asks questions based
on a given sinusoidal graph. You can
use this exploration instead of doing the
examples with your class. The examples
can reinforce what students learned
through the exploration. Students find
values graphically, numerically, and
algebraically. This exploration can be
used as a small-group introduction to the
section, as a daily quiz after the section
is completed, or as a review sheet to be
assigned later in the chapter. If you use
the exploration to introduce the section,
make sure students have written a correct
equation for Problem 2 before they work
on the other problems. Allow about
20 minutes for the exploration.

Find numerically the six values of x in Example 2. Show that the answers agree
with those found graphically in Example 2.
2Q(x  4)
Write the particular equation
f1(x)
x  9  7 cos ___
x)
13
using the techniques of

2Q(x  4)  arccos __
___
@ 4
13

7

13 arccos __
x  4  ___
@ 74
2Q

Simplify the equation by isolating
the cosine expression (start “peeling”
constants away from x).
Take the arccosine of both sides.
Rearrange the equation to isolate x
(finish “peeling” constants away from x).

13  cos 1 __
x  4  ___
@ 74 2Qn
2Q @

Substitute for arccosine.

13 cos 1 __
x  4  ___
@ 74 13n
2Q

13
Distribute the __
2Qover both terms.

x  4 4.5084... 13n
x  8.5084... 13n or 0.5084... 13n
x  4.4915..., 0.5084..., 8.5084...,
12.4915..., 21.5084..., 25.4915...

Let n be 0, 1, 2.

These answers agree with the graphical and numerical solutions in
Examples 2 and 3.
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Technology Notes

Exploration 6-6a: Sinusoids, Given y,
Find x Numerically in the Instructor’s
Resource Book can be done with the aid
of Sketchpad or Fathom.

CAS Suggestions
Example 1 can be solved efficiently using
the command Solve(cos x = –0.3, x). Note
the return of the symbol n# (where # is any
integer) in the CAS result.

Chapter 6: Applications of Trigonometric and Circular Functions

➤

Notes:
t *OUIFUFSNn, the 13 is the period. The 13n in the general solution for x means
that you need to add multiples of the period to the values of x you find for the
inverse function.
t :PVDBOFOUFS 13n and 0.5084...  13n into your grapher and
make a table of values. For most graphers you will have to use x in place of n.
t ć
 FBMHFCSBJDTPMVUJPOHFUTBMMUIFWBMVFTBUPODFSBUIFSUIBOPOFBUB
time numerically.

Problem Set 6-6
Reading Analysis
From what you have read in this section, what do
you consider to be the main idea? Why does the
arccosine of a number have more than one value
while cos 1 of that number has only one value? What
do you have to do to the inverse cosine value you
get on your calculator in order to find other values
of arccosine? Explain the sentence “Inverse cosines
come in opposite pairs with all their coterminal
angles” that appears in the definition box for
arccosine.
5m

in

For Problems 1–4, find the first five positive values of
the inverse circular relation.
1. arccos 0.9

2. arccos 0.4

3. arccos(0.2)

4. arccos(0.5)

a. Estimate graphically the x-values shown for
the indicated y-value.
b. Find a particular equation for the sinusoid.
c. Find the x-values in part a numerically, using
the equation from part b.
e. Find the first value of x greater than 100 for
which the sinusoid has the given y-value.
5. y  6
7

y6

3

23

6. y  5
y
y5
x

1
2

14

Section 6-6: Inverse Circular Relations: Given y, Find x

To list the values simultaneously, convert
the previous answer line into list format
and use a condition at the end of the line for
the random integer n9 to assume the values
0, 1, 2, and 3—the first four non-negative
integers. The command should look like
this:
{2*n9* + 1.8754889808103, 2*n9* –
1.8754889808103} | n9 = {0, 1, 2, 3}

A similar approach can be used in
Examples 3 and 4.

x

3

7

Q9. y 5 abx, a  0, b  0
Problems 1–4 provide students with
practice solving inverse circular relation
equations. Because no method is
specified, students may find the solutions
numerically, graphically, or algebraically.
Problems 1–4 can be solved on a
CAS using the method suggested in the
CAS Suggestions.

d. Find the x-values in part a algebraically.

y

Supplementary Problems designed
to introduce arcsine and arctangent
are available at www.keypress.com/
keyonline.

Q2. 908
Q1. __
2

Q3. 308
Q4. __
4
3 5 23.1985...8
Q7. tan21 __
7
Q8. Circle of radius 3 and center (0, 0)
Q10. Periodic

For the circular sinusoids graphed in Problems 5–10,

Quick Review

Q1. What is the period of the circular function
y  cos 4x?
Q2. What is the period of the trigonometric
function y  cos 4V?
Q
radian?
Q3. How many degrees are in __
6
Q4. How many radians are in 45°?
Q5. Sketch the graph of y  sin V.
Q6. Sketch the graph of y  csc V.
Q7. Find the smaller acute angle in a right triangle
with legs of length 3 mi and 7 mi.
Q8. x 2  y 2  9 is the equation of a(n) ? .
Q9. What is the general equation for an exponential
function?
Q10. Functions that repeat themselves at regular
intervals are called ? functions.

PRO B LE M N OTE S
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To find a specific intersection among
the infinite solutions to an inverse
trigonometric relation, it is helpful to
state constraints after the Solve command.
The graph in Problem 5 seems to have,
among others, an intersection with y 5 6
somewhere between x 5 20 and x 5 23. To
find this intersection, students can enter

Parts c of Problems 5–12 can be
approached as described in the CAS
Suggestions. Using appropriate domain
restrictions, students can calculate all of
the solutions simultaneously.
Problems 5–10 require students to
write equations for sinusoids and use
graphical, numerical, and algebraic
methods to find x-values corresponding
to a particular y-value. These problems
are similar to the examples and to
Exploration 6-6a. In part a, students
should estimate the graphical solutions
from the graph and not use the intersect
feature on their grapher.
One way to answer part e of
Problems 5–10 is to restrict x to values
between 100 and 100 1 one period.
Based on the cycle of the graph, there
should be two answers, both of which are
calculated when using a CAS.

Solve(2 + 5 cos(/10(x – 3)) = 6, x) | 20 < x < 23

into their CAS.

See pages 1005–1006 for answers to
Problems Q5, Q6, and 1–6.
Section 6-6: Inverse Circular Relations: Given y, Find x
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Problem Notes (continued)

11. y  3

7. y  1

7a. x  22.9, 20.5, 1.1, 3.5, 5.1
7b. y 5 22 1 4 cos __
  (x 2 0.3)
2
7c. x  22.8608..., 20.5391..., 1.1391...,
3.4608..., 5.1391...

x 5 101.1391...

6.7

y  2

y

y5

x
2
10°

9. y  1.5
4

a. Find algebraically the six values of x shown on
the graph for which cos x  0.9.

x

1

7

b. Find algebraically the first value of x greater
than 200 for which cos x  0.9.

2

y

10. y  4
3
13
y  4

x 5 101.4264...

10a. x  220, 26, 2, 16, 24
  (x 1 2)
10b. y 5 22 2 5 cos  ___
11
10c. x  219.9408..., 26.0591 ...,
2.0591..., 15.9408..., 24.0591...

100°

13. Figure 6-6c shows the graph of the parent cosine
function, y  cos x.

y

y  1.5

9d. x 5 210.5735..., 23.4264...,
5.4264..., 12.5735..., 21.4264...

1

y
x

2
2


1

2

3

4

y  0.9
Figure 6-6c

7

For the trigonometric sinusoids graphed in
Problems 11 and 12,
a. Estimate graphically the first three positive
values of V for the indicated y-value.

10d. x 5 219.9408..., 26.0591...,
2.0591..., 15.9408..., 24.0591...

b. Find a particular equation for the sinusoid.
c. Find the V-values in part a numerically, using
the equation from part b.

10e. x 5 103.9408...

d. Find the V-values in part a algebraically.

Problems 11 and 12 involve inverse
trigonometric functions rather than
inverse circular functions. In the
homework discussion, point out the
similarities and differences between
Problems 11 and 12, and Problems 5–10.
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  25, 75 105
9 ( 1 10)
12b. y 5 4 1 2 cos  __
2
12c.   23.3333..., 76.6666..., 103.3333...
12a.

12d.

 5 23.3333..., 76.6666..., 103.3333...

Problem 13 asks students to use algebra
to find solutions to cos x 5 20.9. Be sure
to assign this problem because it requires
students to find a very large x-value not
shown on the graph.
13a. x 5 2.6905..., 3.5926..., 8.9737...,
9.8758..., 15.2569..., 16.1589...
13b. x 5 203.7524....
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330°



x  210.6, 23.4, 5.4, 12.6, 21.4
9b. y 5 1 2 3 cos __
  (x 2 1)
8
9c. x  210.5735..., 23.4264...,
5.4264..., 12.5735..., 21.4264...

11d.  5 129.2951..., 170.7048...,
309.2951...

6

4

9a.

11c.   129.2951..., 170.7048...,
309.2951...

y
0.7

8e. x 5 100.8754...

11b. y 5 6 1 4 cos 2( 2 60)

V
150°

12. y  5
2

8d. x 5 21.1245..., 2.5245..., 4.8754...

  130, 170, 310

2

8. y  2

x  21.1, 2.5, 4.9
8b. y 5 21 1 3 cos __
  (x 2 0.7)
3
8c. x  21.1245..., 2.5245..., 4.8754...

11a.

y3

4.3

6

8a.

9e.

10

x
y  1

0.3

7d. x 5 22.8608..., 20.5391..., 1.1391...,
3.4608..., 5.1391...
7e.

y

y

2
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x

6 -7 Sinusoidal Functions as

Sec tion 6 -7

Mathematical Models
A chemotherapy treatment destroys
red blood cells along with cancer cells.
The red cell count goes down for a while
and then comes back up again.
If a treatment is taken every three
weeks, then the red cell count
resembles a periodic function of time
(Figure 6-7a). If such a function is
regular enough, you can use a sinusoidal
function as a mathematical model.

Class Time
2 days

Homework Assignment

Day 1: RA, Q1–Q10, Problems 1, 2
Day 2: Problems 4, 5, 8, 11, (14, 15)

Teaching Resources

Red cell count

In this section you’ll start with a verbal description of a
periodic phenomenon, interpret it graphically, find an
algebraic equation from the graph, and use the
equation to calculate numerical answers.

Objective

PL AN N I N G

3
6
Time (wk)
Figure 6-7a

9

Technology Resources
Waterwheel

(JWFOBWFSCBMEFTDSJQUJPOPGBQFSJPEJDQIFOPNFOPO XSJUFBOFRVBUJPO
VTJOHUIFTJOFPSDPTJOFGVODUJPOBOEVTFUIFFRVBUJPOBTBNBUIFNBUJDBM
NPEFMUPNBLFQSFEJDUJPOTBOEJOUFSQSFUBUJPOTBCPVUUIFSFBMXPSME

Exploration 6-7: Chemotherapy
Problem
Exploration 6-7a: Oil Well Problem

In this exploration you will use sinusoids to predict events in the real world.

CAS Activity 6-7a: Epicenter of an
Earthquake

E XPLOR ATION 6 -7: C h e m ot h e r a py Pr o b l e m
1. Figure 6-7a shows the red blood cell count
for a patient taking chemotherapy treatments
each 3 weeks. Suppose that a treatment is
given at time t  0 weeks, when the count
is c  800 units. The count drops to a low of
200, and then rises back to 800 when t  3, at
which time the next treatment is given. Write
the equation for this sinusoidal function.

3. For what interval of times around 9 weeks
will the patient feel good? For how many days
does the good feeling last? Show how you got
your answers.
4. What did you learn as a result of doing this
exploration that you did not know before?

TE ACH I N G
Important Terms and Concepts
Mathematical model

Section Notes

2. The patient feels “good” if the count is above
700. Use the equation in Problem 1 to predict
the count 17 days after the treatment, and
thus conclude whether she has started feeling
good again at this time.

Exploration Notes

Exploration 6-7: Chemotherapy Problem
Exploration 6-7a: Oil Well Problem
Supplementary Problems

Section 6-7: Sinusoidal Functions as Mathematical Models

Exploration 6-7 shows a chemotherapy
model to predict events in the real world.
Note that the topic might be sensitive for
students who have had a friend or relative
suffer from cancer. Check student progress
after each question, and make sure everyone
gets the correct answer before moving on
to the next question. Note that students
must convert their answers between weeks
and days.
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An alternate version of this exploration can
be found in the Instructor’s Resource Book.
Allow 15–20 minutes.

Section 6-7 contains a wide variety of
real-world problems that illustrate how
common sinusoids are in real life. It is
recommended that you spend two days
on this section. On the first day, do
Exploration 6-7 as a whole-class activity.
Then have students work in small groups
on Problem 11. This problem is very
similar to the Chemotherapy Problem. On
the second day, discuss the homework and
have students work on other problems.

See page 320 for notes on additional
explorations.
17
2 __
2. c 5 500 1 300 cos __
3  7  5 609.6023...
 609, so the patient is not feeling good.

4.

Answers will vary.
See page 1006 for answers to
Problems 1 and 3.
Section 6-7: Sinusoidal Functions as Mathematical Models
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Section Notes (continued)
To answer part d of Example 1 correctly,
students must analyze the graph. If
students try to find the solution without
looking at the graph, they are likely to
give the first positive t-value that gives a
d-value of zero. However, this solution is
the time when the point first enters the
water, not the time when it emerges from
the water.
Some of the problems in the problem set
make excellent projects. For example,
you might divide the class into groups
of three to five students and have each
group make a video demonstrating
the situation described in one of the
problems. Ask students to use real
stopwatches, tape measures, and other
measuring devices to accurately measure
times and distances. From their collected
measurements, students can write a
particular equation and use it to find
x-values given y-values and to find
y-values given x-values.
A key point to emphasize in this section
is that almost all real-world sinusoid
problems involve working with real
numbers (i.e., radians) and that students
need to have their grapher in radian
mode. Students must learn to decide
whether to use radians or degrees based
on the context of a problem, not just on
whether the problem includes x or  or .

EXAMPLE 1 ➤ Waterwheel Problem
Problem: Suppose that the waterwheel in Figure 6-7b rotates at
Waterwheel
7 ft
Water
surface

b. Assuming that d is a sinusoidal function of t, write a particular equation.
Confirm by grapher that your equation gives the graph in part a.
c. How high above or below the water’s surface will point P be at time
t  17.5 s? At that time, will P be going up or down?
d. At what positive time t does point P first emerge from the water?

SOLUTION

13

a. From what’s given, you can tell the location of the sinusoidal axis, the
“high” and “low” points, and the period.
Sketch the sinusoidal axis at d  6 as shown in Figure 6-7c.

d (ft)

Sketch the upper bound at d  6  7, or 13, and the lower bound at
d  6 7, or 1.

6
t (s)
1

2

7
Figure 6-7c

12

Sketch a high point at t  2. Because the waterwheel rotates at 6 rev/min,
60
, or 10 s. Mark the next high point at t  2  10, or 12.
the period is __
6
Mark a low point halfway between the two high points, and mark
the points of inflection on the sinusoidal axis halfway between each
consecutive high and low.
Sketch the graph through the critical points and the points of inflection.
Figure 6-7c shows the finished sketch.
b. d  C  A cos B(t  D)
From the graph, C  6 and A  7.
D2
2Q

Q

Q
B  __
5
13 d

t  17.5
d?

t?
d0

2

12

Figure 6-7d
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t

Write the general equation. Use d
and t for the variables.
Cosine starts a cycle at a high point.

5
10  __
Horizontal dilation: ___

Differentiating Instruction
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6 revolutions per minute (rev/min). Two seconds after you start a stopwatch,
point P on the rim of the wheel is at its greatest height, d  13 ft, above the
surface of the water. The center of the waterwheel is 6 ft above the surface.
a. Sketch the graph of d as a function of time t, in seconds, since you started
the stopwatch.

d

Figure 6-7b

1

• This section contains a significant
amount of language challenging
to ELL students. Be prepared to
help them understand words and
phrases such as waterwheel, emerge,
chemotherapy, red blood cell count, and
so on.
• Have ELL students do the problems in
pairs. They will benefit from spending
a third day on this section; however,
the language will still present a
significant challenge.

6 ft

Rotation
P

The period of this sinusoid is 10;
the period of the cosine function
is 2Q.
B is the reciprocal of the horizontal
dilation.

Q(t  2)
Write the particular equation.
; d  6  7 cos __
5
Plotting on your grapher confirms that the equation is correct
(Figure 6-7d).
c. Set the window on your grapher to include 17.5. Then trace or scroll to
this point (Figure 6-7d). From the graph, d  0.6573..., or  0.7 ft,
and the graph is increasing, so point P is going up.

Chapter 6: Applications of Trigonometric and Circular Functions

• Provide ELL students with a sense of
the cultural significance of Mark Twain
(Samuel Clemens) before assigning
Problem 1.

Additional Exploration Notes
Exploration 6-7a can be used as a classroom
group activity. It is significant because
it requires students to find an x-value
far from the given piece of the graph. It
also shows how a small change in initial

Chapter 6: Applications of Trigonometric and Circular Functions

conditions can make a large change in an
extrapolated answer.

Technology Notes
Example 1: Waterwheel Problem
asks several questions about a point
traveling along a waterwheel that
is partially submerged in water.
The example is demonstrated in a
Dynamic Precalculus Exploration at
www.keymath.com/precalc.

CAS Suggestions

d. Point P is either submerging into or emerging from the water when
d  0. At the first zero for positive t-values, shown in Figure 6-7d, the
point is going into the water. At the next zero, the point is emerging.
Using the intersect, zeros, or solver feature of your grapher, you’ll find
that the point is at
t  7.8611...  7.9 s

➤

If you go to www.keymath.com/precalc, you can view the Waterwheel exploration
for a dynamic view of the waterwheel and the graph of d as a function of t.
Note that it is usually easier to use the cosine function for these problems, because
its graph starts a cycle at a high point.

Problem Set 6-7
1. Steamboat Problem: Mark Twain sat on the deck
of a river steamboat. As the paddle wheel turned,
a point on the paddle blade moved so that its
distance, d, in feet, from the water’s surface
was a sinusoidal function of time t, in seconds.
When Twain’s stopwatch read 4 s, the point was
at its highest, 16 ft above the water’s surface. The
wheel’s diameter was 18 ft, and it completed a
revolution every 10 s.

Reading Analysis
From what you have read in this section, what do
you consider to be the main idea? What is the first
step in solving a sinusoidal model problem that
takes it out of the real world and puts it into the
mathematical world? After you have taken this step,
how does your work in this chapter allow you to
answer questions about the real-world situation?
5m

in

a. Sketch the graph of the sinusoid.

Quick Review

By this point in the chapter, students
should have explored and begun to
master the techniques and implications
of circular functions. Because the
objective of this section is to apply the
mathematics, not perform the algebraic
manipulations, students benefit from
using a CAS, which allows them to focus
on what the mathematics mean.
Defining the equation in part b of
Example 1 and using that definition to
graph and evaluate the model can help
students solve part c. TI-Nspire users
may want to use a word or abbreviation
to define the function. These figures
show the definition of the waterwheel’s
height. The t-intercepts for part d can be
found using either the Solve or the Zeros
command.

b. What is the lowest the point goes? Why is it
reasonable for this value to be negative?

Problems Q1–Q8 concern the circular function
Q
(x  7).
y  4  5 cos __
6
Q1. The amplitude is ? .
Q2. The period is ? .
Q3. The frequency is ? .
Q4. The sinusoidal axis is at y  ? .
Q5. The phase displacement with respect to the
parent cosine function is ? .
Q6. The upper bound is at y  ? .
Q7. If x  9, then y  ? .
Q8. The first three positive x-values at which low
points occur are ? , ? , and ? .
Q9. Two values of x  arccos 0.5 are ? and
? .
Q10. If y  5 3 x, adding 2 to the value of x
multiplies the value of y by ? .

c. Find a particular equation for distance as a
function of time.
d. How far above the surface was the point when
Mark’s stopwatch read 17 s?
e. What is the first positive value of t at which
the point was at the water’s surface? At that
time, was the point going into or coming out
of the water? How can you tell?
f. “Mark Twain” is a pen name used by Samuel
Clemens. What is the origin of that pen name?
Give the source of your information.

Section 6-7: Sinusoidal Functions as Mathematical Models

Exploration 6-7: Chemotherapy
Problem can be done with sliders in
Sketchpad or Fathom.

Exploration 6-7a: Oil Well Problem
in the Instructor’s Resource Book can
be done with sliders in Sketchpad or
Fathom.
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CAS Activity 6-7a: Epicenter of
an Earthquake in the Instructor’s
Resource Book has students explore
what information is required in order
to find the epicenter of an earthquake.
Students find the epicenter of an
earthquake using triangulation. Allow
25–30 minutes.

PRO B LE M N OTE S
Supplementary Problems for this section
are available at www.keypress.com/
keyonline.
5
1
Q3. ___
12
Q5. 17

Q2. 12

6.5

Q9. __
3

Q1.

Q7.

Q4.

4

Q6.

9

Q8.

1, 13, 25

Q10. 9

See page 1006 for answers to Problem 1.
Section 6-7: Sinusoidal Functions as Mathematical Models
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Problem Notes (continued)
All of the problems in this section
can be quite powerfully addressed by
defining each function model on a CAS
and, as appropriate,
• Using function notation to evaluate
the models at specific points and create
graphs without retyping the function.
• Using the Solve command to
determine independent variable values
from given dependent values.
• Using domain restrictions after a
Solve command to limit the number of
responses to the desired values.

2. Fox Population Problem: Naturalists find that
populations of some kinds of predatory animals
vary periodically with time. Assume that the
population of foxes in a certain forest varies
sinusoidally with time. Records started being
kept at time t  0 yr. A minimum number of 200
foxes appeared at t  2.9 yr. The next maximum,
800 foxes, occurred at t  5.1 yr.
b. Find a particular equation expressing the
number of foxes as a function of time.
c. Predict the fox population when t  7, 8, 9,
and 10 yr.
d. Suppose foxes are declared a vulnerable
species when their population drops below
300. Between what two nonnegative values of
t did the foxes first become vulnerable?

F

e. Show on your graph in part a that your answer
to part d is correct.
200

t
4

 (t 2 2.9)
2b. F 5 500 2 300 cos ___
2.2
2c. F (7)  227 foxes; F (8)  338 foxes;
F (9)  727 foxes; F (10)  727 foxes

a. Sketch the graph of this sinusoidal function.

Problem 3 describes only half of a cycle.
Students may miss the period of the
sinusoid if they draw or interpret the
graph incorrectly.

b. Find a particular equation for distance from
the floor as a function of time.

60

River
y  23

y  17

Riverbank
Figure 6-7f

a. Sketch the graph of y versus x and write a
particular equation.

c. What is the distance from the floor when the
stopwatch reads 17.2 s?
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20
t
5

10

15

 (t 2 0.3)
d 5 50 1 10 cos ___

3c.

1.5
d (17.2) 5 43.3086... cm

3d.

d (0) 5 58.0901... cm

3e.

t 5 0.0846... s
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4. Rope Swing Problem: Zoey is at summer camp.
One day she is swinging on a rope tied to a tree
branch, going back and forth alternately over
land and water. Nathan starts a stopwatch. At
time x  2 s, Zoey is at one end of her swing, at
a distance y  23 ft from the riverbank (see
Figure 6-7f). At time x  5 s, she is at the other
end of her swing, at a distance y  17 ft from the
riverbank. Assume that while she is swinging,
y varies sinusoidally with x.

d

40

3b.

40 cm

3. Bouncing Spring Problem: A weight attached
to the end of a long spring is bouncing up and
down (Figure 6-7e). As it bounces, its distance
from the floor varies sinusoidally with time. You
start a stopwatch. When the stopwatch reads
0.3 s, the weight first reaches a high point 60 cm
above the floor. The next low point, 40 cm above
the floor, occurs at 1.8 s.

2d. 2.3 yr  t  3.5 yr

3a.

60 cm
Floor
Figure 6-7e

Problem 2 requires students to write an
inequality to answer part d.
800

e. What is the first positive value of time when
the weight is 59 cm above the floor?

a. Sketch the graph of this sinusoid.

• Using the Zeros command instead of
the Solve command when finding the
independent variable’s axis intercepts.

2a., 2e.

d. What was the distance from the floor when
you started the stopwatch?

Chapter 6: Applications of Trigonometric and Circular Functions
y
4a.
20

Problem 4 involves a y-variable that is a
horizontal distance. Students may find it
easier to draw the graph if they turn their
books so that the river in the illustration is
“up” and the riverbank is “down.”
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x
5
�20

(x 1 1)
y 5 23 1 20 cos __
3

c. Find the first positive time when Zoey was
directly over the riverbank (y  0).
d. Zoey lets go of the rope and splashes into the
water. What is the value of y for the end of the
rope when it comes to rest? What part of the
mathematical model tells you this?

b. The vertical support beams are spaced 2 m
apart, starting at the high point and ending
just before the track goes below the ground.
Make a table of values of the lengths of the
beams.

4 m 26.5287... m
6 m 25.9466... m

30 m
3m

Ground

8 m 25.1446... m
10 m 24.1352... m

x

12 m 22.9345... m

50 m

14 m 21.5613... m
16 m 20.0374... m

Figure 6-7g

18 m 18.3866... m

6. Buried Treasure Problem: Suppose you seek
a treasure that is buried in the side of a
mountain. The mountain range has a sinusoidal
vertical cross section (Figure 6-7h). The valley
to the left is filled with water to a depth of 50 m,
and the top of the mountain is 150 m above the
water level. You set up an x-axis at water level
and a y-axis 200 m to the right of the deepest
part of the water. The top of the mountain is at
distance x  400 m.
150

c. The horizontal beams are spaced 2 m apart,
starting at ground level and ending just below
the high point. Make a table of values of
horizontal beam lengths.

Water
200

y

20 m 16.6352... m
22 m 14.8107... m
24 m 12.9418... m
26 m 11.0581... m

Mountaintop

Surface

Treasure

50
Figure 6-7h

400

Length

2 m 26.8817... m

Track
Support
beams

x

0 m 27 m

y

5. Roller Coaster Problem: A theme park is building
a portion of a roller coaster track in the shape
of a sinusoid (Figure 6-7g). You have been hired
to calculate the lengths of the horizontal and
vertical support beams.
a. The high and low points of the track are
separated by 50 m horizontally and 30 m
vertically. The low point is 3 m below the
ground. Let y be the distance, in meters, a
point on the track is above the ground. Let
x be the horizontal distance, in meters, a point
on the track is from the high point. Find a
particular equation for y as a function of x.

5b.

d. The builder must know how much support
beam material to order. In the most timeefficient way, find the total length of the
vertical beams and the total length of the
horizontal beams.

b. Find y when x  13.2 s. Was Zoey over land
or over water at this time?

x

5c.

a. Find a particular equation expressing y for
points on the surface of the mountain as a
function of x.
b. Show algebraically that the sinusoid in part a
contains the origin, (0, 0).
c. The treasure is located beneath the surface at
the point (130, 40), as shown in Figure 6-7h.
Which would be the shorter way to dig to
the treasure, a horizontal tunnel or a vertical
tunnel? Show your work.

28 m

9.1892... m

30 m

7.3647... m

32 m

5.6133... m

34 m

3.9625... m

36 m

2.4386... m

38 m

1.0654... m

y

Length

0 m 39.7583... m
2 m 36.6139... m
4 m 33.9530... m
6 m 31.5494... m
8 m 29.2961... m
10 m 27.1284... m
12 m

25 m

14 m 22.8715... m
16 m 20.7038... m
Section 6-7: Sinusoidal Functions as Mathematical Models

4b.

y 5 216.3826... ft; Zoey was over land.

4c.

x 5 0.3562... s

4d. y 5 23, the sinusoidal axis
Problem 5 asks students to calculate the
lengths of the horizontal and vertical
support beams needed for a roller coaster.
Some students double the horizontal beam
lengths because the diagram shows only
half of a cycle.

y 5 12 1 15 cos ___
   x
50
5b., 5c. See tables at right.
5a.

323

18 m 18.4505... m
20 m 16.0469... m
22 m 13.3860... m

5d. Vertical timbers  324 m;
horizontal timbers  331 m

24 m 10.2416... m
26 m

5.8442... m

Problem 6 shows only half of a cycle.
6a. y 5 50 1 100 cos ___
    (x 2 400)
600
  (0 2 400) 5 0 m
6b. 50 1 100 cos  ___
600
6c. The vertical tunnel is shorter.

Section 6-7: Sinusoidal Functions as Mathematical Models
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Problem Notes (continued)
Problem 7 asks students to consult a
reference in order to check the accuracy
of the model. One possible reference is
the September 1975 issue of Scientific
American.
7a. 11 yr

7b. S 5 60 1 50 cos ___
 2 (t 2 1948)
11
7c. S(2020)  12 sunspots

7.

Sunspot Problem: For several hundred
years, astronomers have kept track of the
number of sunspots that occur on the surface of
the Sun. The number of sunspots in a given year
varies periodically, from a minimum of about
10 per year to a maximum of about 110 per year.
Between 1750 and 1948, there were exactly
18 complete cycles.

7e. The sunspot cycle resembles a
sinusoid slightly but is not one.

8c. 6:30 a.m.
8d. 4:00:49 a.m.
8e. On the side closest to the Moon, the
water is pulled more than Earth, causing
a high tide. On the opposite side, farthest
from the Moon, Earth is pulled more
than the water, causing another high
tide.
Problem 9 is fairly straightforward and
usually does not present trouble for
students. However, some students do
not realize that at time 0 the vertical
displacement of Earth is also zero; they
may start the graph at a minimum value
instead of at zero.

b. Use your mathematical model to predict the
depth of the water at 5:00 p.m. on August 3.
c. At what time does the first low tide occur on
August 3?
d. What is the earliest time on August 3 that the
water depth will be 1.27 m?
e. A high tide occurs because the Moon is
pulling the water away from Earth slightly,
making the water a bit deeper at a given point.
How do you explain the fact that there are two
high tides each day at most places on Earth?
Provide the source of your information.

7d. S (2021)  27 sunspots; S (2022)
 53 sunspots; maximum in 2025.

Problem 8 requires students to convert
date and time information to the number
of hours since midnight on August 2.
  (t 2 14)
8a. d 5 1.3 1 0.2cos  ___
5.5
8b. 1.1 m

a. Find a particular equation expressing depth as
a function of the time that has elapsed since
12:00 a.m. August 2.

a. What is the period of a sunspot cycle?
b. Assume that the number of sunspots per year
is a sinusoidal function of time and that a
maximum occurred in 1948. Find a particular
equation expressing the number of sunspots
per year as a function of the year.
c. How many sunspots will there be in the
year 2020? This year?
d. What is the first year after 2020 in which
there will be about 35 sunspots? What is the
first year after 2020 in which there will be a
maximum number of sunspots?
e. Find out how closely the sunspot cycle
resembles a sinusoid by looking on the
Internet or in another reference.
8. Tide Problem: Suppose you are on the beach at
Port Aransas, Texas, on August 2. At 2:00 p.m.,
at high tide, you find that the depth of the water
at the end of a pier is 1.5 m. At 7:30 p.m., at low
tide, the depth of the water is 1.1 m. Assume that
the depth varies sinusoidally with time.

9. Shock Felt Round the World Problem: Suppose
that one day all 300 million people in the
United States climb up on tables. At time
t  0, they all jump off. The resulting shock wave
starts Earth vibrating at its fundamental period,
54 min. The surface first moves down from its
normal position and then moves up an equal
distance above its normal position (Figure 6-7i).
Assume that the amplitude is 50 m.
50 m

Jump!

Down 50 m
Figure 6-7i
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50 m

Up 50 m

a. Sketch the graph of the displacement of
the surface from its normal position as a
function of time elapsed since the people
jumped.

b. What is the deepest the sinusoid goes below
the water level in the lake? How far from the
y-axis is this low point? Show how you got
your answers.

b. At what time will the surface be farthest above
its normal position?

c. Over the centuries silt has filled the bottom
of the lake so that the water is only 40 ft deep.
That is, the silt line is at y  40 ft. Plot the
graph using a suitable domain and range.
Then find graphically the interval of x-values
between which Ona would expect to find silt
if she goes scuba diving in the lake.

c. Write a particular equation expressing
displacement above normal position as a
function of time elapsed since the jump.
d. What is the displacement at time t  21 min?
e. What are the first three positive times at
which the displacement is 37 m?

d. If Ona drills an offshore well at distance
x  700 ft, through how much silt would she
drill before she reaches the sinusoid? Show
how you got your answer.

10. Island Problem: Ona Nyland owns an island
several hundred feet from the shore of a lake.
Figure 6-7j shows a vertical cross section
through the shore, lake, and island. The island
was formed millions of years ago by stresses
that caused the earth’s surface to warp into the
sinusoidal pattern shown. The highest point
on the shore is at distance x  150 ft. From
measurements on and near the shore (solid
part for the graph), topographers find that an
equation for the sinusoid is

e. The sinusoid appears to go through the origin.
Does it actually do so, or does it just miss?
Justify your answer.
f. Find algebraically the interval of x-values
between which the island is at or above the
water level. How wide is the island, from the
water on one side to the water on the other?
11. Pebble in the Tire Problem: As you stop your
car at a traffic light, a pebble becomes wedged
between the tire treads. When you start moving
again, the distance between the pebble and the
pavement varies sinusoidally with the distance
you have gone. The period is the circumference
of the tire. Assume that the diameter of the tire is
24 in.

Q (x  150)
y  70  100 cos ___
600
where x and y are distance in feet. Ona consults
you to make predictions about the rest of the
graph (dashed).
y
Shore
x  150

Water here

Island

Silt here
Figure 6-7j

a. What is the highest the island rises above
the water level in the lake? How far from the
y-axis is this high point? Show how you got
your answers.

x

a. Sketch the graph of this sinusoidal function.
b. Find a particular equation for the function. (It
is possible to get an equation with zero phase
displacement.)
c. What is the pebble’s distance from the
pavement when you have gone 15 in.?
d. What are the first two distances you have gone
when the pebble is 11 in. from the pavement?

9a.

50

d (m)

t (min)
50
�50

t 5 40.5 min
  (t 2 40.5)
9c. d 5 50 cos  ___
27
9d. d  232.1 m
9b.

9e. t 5 7.1597... min, 19.8402... min,
61.1597... min
Problem 10 provides both a sketch and an
equation for the sinusoid. Part f requires
students to write an inequality.
10a.

ymax5 30 ft at x 5 1050 ft

10b. ymin5 2170 ft at x 5 450 ft
10c.

y

x
(91.81, �40)
(808.19, �40)

�100

Roughly 92 ft  x  808 ft
10d.

56 ft

10e. The curve just misses the origin;
y(0) 5 0.7106... ft
10f. Roughly 898 ft  x  1202 ft;
304 ft wide
Problem 11 is similar to Example 1. The
period is 2 times the radius, so the
equation does not contain .
11a.

y
24
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x
50

100

11c.

y 5 12 2 12 cos ___
  x  
12
8.2 in.

11d.

x 5 17.8483... in. and 57.5498... in.

11b.
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Problem Notes (continued)
Problem 12 is not difficult if students
realize that half of a cycle occurs between
the x-values of 230 and 2100.
  (x 1 30)
12a. y 5 22000 1 500cos  ___
70
y
12b.
x

�100

100 200 300 400 500 600 700 800 900

�1000
�2000

The graph matches the description and
figure.
12c. Roughly 795 ft  x  825 ft
12d. Roughly 796 ft  x  824 ft
12e. The new interval is roughly
700 ft  x  707 ft. This is a very small
region to drill.
Problem 13 provides practice with
frequency and is quite easy. It does not
require students to write a sinusoidal
equation. You may wish to add this
part d to the question: “Research in the
library or on the Internet the physics of
organ pipes. You might try looking up
“The Physics of Organ Pipes,” by Neville
Fletcher and Suzanne Thwaites, in the
January 1983 issue of Scientific American.
Describe the results of your research in
your journal.”

12. Oil Well Problem: Figure 6-7k shows a vertical
cross section through a piece of land. The
y-axis is drawn coming out of the ground at the
fence bordering land owned by your boss, Earl
Wells. Earl owns the land to the left of the fence
and is interested in acquiring land on the other
side to drill a new oil well. Geologists have found
an oil-bearing formation below Earl’s land that
they believe to be sinusoidal in shape. At distance
x  100 ft, the top surface of the formation
is at its deepest, y  2500 ft. A quarter-cycle
closer to the fence, at distance x  65 ft, the
top surface is only 2000 ft deep. The first 700 ft of
land beyond the fence is inaccessible. Earl
wants to drill at the first convenient site beyond
x  700 ft.
a. Find a particular equation expressing y as a
function of x.
b. Plot the graph on your grapher. Use a window
with 100x 900. Describe how the
graph confirms that your equation is correct.
c. Find graphically the first interval of x-values
in the available land for which the top surface
of the formation is no more than 1600 ft deep.
d. Find algebraically the values of x at the ends of
the interval in part c. Show your work.
e. Suppose the original measurements were
slightly inaccurate and the value of y shown
at 65 ft is actually at x  64 ft. Would this
fact make much difference in the answer to
part c? Use the most time-efficient method to
arrive at your answer. Explain what you did.

Bats navigate and communicate using ultrasonic
sounds with frequencies of 20–100 kilohertz (kHz),
which are undetectable by the human ear. A kilohertz
is 1000 cycles per second.

a. Is 60 cycles per second the period, or is it
the frequency? If it is the period, find the
frequency. If it is the frequency, find the
period.
b. The wavelength of a sound wave is defined
as the distance the wave travels in a time
interval equal to one period. If sound travels
at 1100 ft/s, find the wavelength of the
60-cycle-per-second hum.
c. The lowest musical note the human ear
can hear is about 16 cycles per second. In
order to play such a note, a pipe on an organ
must be exactly half as long as the wavelength.
What length organ pipe would be needed to
generate a 16-cycle-per-second note?

y Fence
Inaccessible land

100 65
y  2000 ft
y  2500 ft

13a. Frequency 5 60 cycles/s;
period 5 ___
  1   s
60
13b. Wavelength 5 220 in.

x  700 ft

Top surface

Oil-bearing
formation
Figure 6-7k

13c. 34 ft 4.5 in.
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13. Sound Wave Problem: The hum you hear on
some radios when they are not tuned to a station
is a sound wave of 60 cycles per second.
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Available land

x

Sunrise Project: Assume that the time
of sunrise varies sinusoidally with the day of the
year. Let t be the time of sunrise. Let d be the day
of the year, starting with d  1 on January 1.
a. On the Internet or from an almanac, find
for your location the time of sunrise on
the longest day of the year, June 21, and
on the shortest day of the year, December
21. If you choose, you can use the data for
San Antonio, 5:34 a.m. and 7:24 a.m., CST,
respectively. The phase displacement for
cosine will be the value of d at which the Sun
rises the latest. Use the information
to find a particular equation expressing time
of sunrise as a function of the day number.
b. Calculate the time of sunrise today at the
location you used in part a. Compare
the answer to your data source.

d. What is the first day of the year on which the
Sun rises at 6:07 a.m. in the location in part a?
e. In the northern hemisphere, Earth moves
faster in wintertime, when it is closer to the
Sun, and slower in summertime, when
it is farther from the Sun. As a result, the
actual high point of the sinusoid occurs later
than predicted, and the actual low point
occurs earlier than predicted (Figure 6-7l).
A representation of the actual graph can be
plotted by putting in a phase displacement
that varies. See if you can duplicate the graph
in Figure 6-7l on your grapher. Is the modified
graph a better fit for the actual sunrise data for
the location in part a?
t

Problem 14 introduces the concept of a
variable phase displacement in part e.
29 1 ___
 55  cos ___
 2  (d 1 10)
14a. t 5 6  ___
60 60
365
14b. Answers will vary.

15. Variable Amplitude Pendulum Project: If
there were no friction, the displacement of a
pendulum from its rest position would be a
sinusoidal function of time,
y  A cos Bt
To account for friction, assume that the
amplitude, A, decreases exponentially with
time:
A  a b

t

14c.

Answers will vary.

14d.

April 15 (April 14 in leap years)

14e. Answers will vary. The new
29
function may be t 5 6  __
1
60

Make a pendulum by tying a weight to a
string hung from the ceiling or some other
convenient place (see Figure 6-7m).

2
2
__
 55 cos  ___
 d 1 10 2 30 cos  ___
(d 1 10).
60

365



365



Problem 15 is time consuming but
worthwhile. Students measure the period
and amplitude of the pendulum and
calculate the equation of its motion. This
is a good project to connect theory and
practice and to talk about modeling.

Ceiling

Wall

c. What is the time of sunrise on your birthday,
taking daylight saving time into account?

15.

y

Answers will vary.

Figure 6-7m

Find its period by measuring the time for
10 swings and dividing by 10. Record the
amplitude when you first start the pendulum,
and measure it again after 30 s. From these
measurements, find the constants a, b, and B
and write a particular equation expressing the
position of the pendulum as a function of time.
Test your equation by using it to predict the
displacement of the pendulum at time t  10 s
and seeing if the pendulum really is where you
predicted it to be at that time. Write an entry
in your journal describing this experiment and
your results.

Maximum occurs after predicted.
Actual

Sunrise time

14.

Pure sinusoid
Minimum occurs before predicted.

d

Day
Figure 6-7l
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6 -8 Rotary Motion

Sec tion 6 -8

When you ride a merry-go-round, you go faster when you sit nearer the outside.
As the merry-go-round rotates through a certain angle, you travel farther in the
same amount of time when you sit closer to the outside (Figure 6-8a).

PL AN N I N G

Rotation

Class Time
2 days

Farther
(so faster)

Homework Assignment

Day 1: RA, Q1–Q10, Problems 1–9 odd,
10, 11
Day 2: Problems 13–17

V
P1

Teaching Resources

Exploration 6-8: Angular and Linear
Velocity
Exploration 6-8a: Adam Ant Problem
Exploration 6-8b: Motorcycle Problem
Test 16, Sections 6-4 to 6-8,
Forms A and B

Figure 6-8a

However, all points on the merry-go-round turn through the same number of
degrees per unit of time. So there are two different kinds of speed, or velocity,
associated with a point on a rotating object. The angular velocity is the number of
degrees or radians per unit of time, and the linear velocity is the distance per unit
of time.

Objective

TE ACH I N G
Important Terms and Concepts

Angular velocity
Linear velocity
Dimensional analysis
rev/min or rpm (revolutions per minute)
Gear train
Reduction ratio

Shorter
(so slower)

P2

(JWFOJOGPSNBUJPOBCPVUBSPUBUJOHPCKFDUPSDPOOFDUFESPUBUJOHPCKFDUT öOE
MJOFBSBOEBOHVMBSWFMPDJUJFTPGQPJOUTPOUIFPCKFDUT
In this exploration you will practice computing and interpreting linear and
angular velocities.

E XPLOR ATION 6 - 8: A n g u l a r a n d Li n e a r Ve l oc i t y
did each pen travel in the 5 s?? Which pen
moved faster?

Rotate
Ro

Exploration Notes
Exploration 6-8 is a nice low-tech way of
introducing angular and linear velocity.
When summarizing the exploration, use
a chart similar to the one at the bottom
of the next page.
Students may find that using a chart
makes this material easier. Allow about
15 minutes to complete this exploration.
See page 330 for notes on additional
explorations.

The figure shows a rotating ruler attached by
suction cup to a dry-erase board. Marking pens are
put into holes in the ruler, and the ruler and pens
are rotated slowly from the initial position (dotted),
reaching the final position (solid) after 5 s. Each
pen leaves an arc on the board.
1. With a flexible ruler you find that the curved
lengths of the arcs are 60 cm (outer) and
24 cm (inner). At what average speed (cm/s)

328

3. Suppose the inner pen is 12 cm from the
center of rotation and the outer pen is 30 cm
from the center of rotation. An angle of 115°
is about 2 radians. Show that the distance
each pen moved can be found by multiplying
the radius of the arc by the angle measure in
radians.
continued
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1. Outer: 60/5 5 12 cm/s
Inner: 24/5 5 4.8 cm/s
Outer pen moves faster.

2. Outer: 115°/5 5 23°/s
Inner: 115°/5 5 23°/s, which is the same as
for the outer pen.
3. Outer: (30)(2) 5 60 cm
Inner: (12)(2) 5 24 cm
Both equal the length of the arc traveled.

328

2. Suppose the angle from the initial position to
the final position is 115°. At what number of
degrees per second did each pen move? Did
one pen move more degrees per second than
the other?
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4. Angular velocity 5 2/5 5 0.4 radian
per second
5. Outer: (radius)(angular velocity)
5 (30)(0.4) 5 12 cm/s, which agrees.
Inner: (radius)(angular velocity) 5 (12)(0.4)
5 4.8 cm/s, which agrees.
6. See the definitions box on page 329.
See the properties box on page 330.
7.

Answers will vary.

Section Notes

EXPLORATION, continued
6. Write the definitions of linear velocity and
angular velocity. Then write some conclusions
about angular velocity and linear velocity of
points on the same rotating object, and how
the two kinds of velocity are related.

4. The numbers of cm/s in Problem 1 are
linear velocities. The number of deg/s in
Problem 2 is an angular velocity. What is the
angular velocity in radians per second?
5. Show that you can find each linear velocity
in Problem 1 by multiplying the radius of the
arc by the angular velocity in radians
per second.

7. What did you learn as a result of doing this
exploration that you did not know before?

To reduce rotary motion to familiar algebraic terms, certain symbols are usually
used for radius, arc length, angle measure, linear velocity, angular velocity, and
time (Figure 6-8b). They are
r Radius from the center of rotation to the point in question
V Angle through which the point rotates (usually in radians, but
not always)
v Linear velocity, in distance per unit of time
W Angular velocity (often in radians per unit of time; Greek “omega”)
t Length of time to rotate through a particular angle V
Arc
Angle


Radius

Example 2 on page 331 demonstrates
how angular velocity and linear velocity
are related on connected rotating objects.
This example uses a bicycle as the model.
See if you can get any of your students
to explain how the gears and their ratios
work. If not, you might want to assign an
Internet search of this topic.

t  time to
rotate by 

a
r

v  a/t
 /t

Point

You may want to inform students that
in the real world, revolutions per minute
often appears as the acronym rpm rather
than rev/min as used in this book.
In Example 1 on page 330, the difference
between angular velocity and linear
velocity is demonstrated by investigating
the motion of an old LP record. Remind
students that they used dimensional
analysis when they converted degrees to
radians, and vice versa.

a Number of units of arc length through which the point moves

r

Point out to students that all points on a
rotating object, including the center, have
the same angular velocity but that the
linear velocity of points on the rotating
object will differ. The speed of a moving
vehicle equals the linear velocity of the
rims of its wheels.

Rotation
Figure 6-8b

These definitions relate the variables.

DEFINITIONS: Angular Velocity and Linear Velocity
The angular velocity, W, of a point on a rotating object is the number of
degrees (radians, revolutions, and so on) through which the point turns per
unit of time.
The linear velocity, v, of a point on a rotating object is the distance the point
travels along its circular path per unit of time.
V
a
and
v  __
Algebraically: W  __
t
t

The statements in the box Conclusions:
Connected Rotating Objects on page 332
are key concepts for this section and will
be used in the exercises and explorations.

Properties of linear and angular velocity help you accomplish this section’s
objective. First, by the definition of radians, the length of an arc of a circle
is equal to the radius multiplied by the radian measure of the central angle.
Section 6-8: Rotary Motion
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Angle
(radians)

Arc Length
(cm)

Time
(s)

Linear Velocity
(cm/s)

Angular Velocity
(rad/s)

Outer

2

60

5

60 5 12
 ___
5

2 
 __
5

Inner

2

24

5

24 5 4.8
 ___
5

2 
 __
5

Section 6-8: Rotary Motion

329

Differentiating Instruction

In physics, V is used for angles, even if the angle is measured in radians. Because
you might study rotary motion elsewhere, you’ll see the same notation here.

• This section contains challenging
language. Consider spending an extra
day on the material or giving ELL
students an abbreviated assignment.
• Make sure you explain revolutions
per minute (rev/min or rpm) as in the
Section Notes.
• Clarify that ω is not w.
• Make sure students understand the
questions in Exploration 6-8.
• Have students write in their journals
about angular and linear velocity, both
formally and in their own words.
• In Example 1, you may need to explain
the meaning of LP.
• In Example 2, you may need to explain
the meanings of axle and sprocket.
• Have students write in their journals
the conclusions about connected
rotating objects in their own words.
• Have ELL students do the Reading
Analysis and Quick Review questions
in pairs to help with challenging
language.

a  rV
V r
a  r__
__

V
__
Divide both sides of the equation by time.
t
t
t
By definition, the left side equals the linear velocity, v, and the right side is
r multiplied by the angular velocity, W. So you can write the equation
v  rW

If V is in radians and W is in radians per unit of time, then
a  rV
v  rW

Analysis of a Single Rotating Object
EXAMPLE 1 ➤

An old LP (“long play”) record, as in Figure 6-8c,
rotates at 33_13 rev/min.
a. Find the angular velocity in radians per
second.
b. Find the angular and linear velocities of
the record (per second) at the point at which
the needle is located when it is just starting
to play, 14.5 cm from the center.
c. Find the angular and linear velocities (per
second) at the center of the turntable.

Additional Exploration Notes
Exploration 6-8a gives students practice
in working with the linear and angular
velocities of a rotating object. Make
sure students understand that the units
of the radius are cm/rad. Allow about
15 minutes for this exploration.
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W must be in radians per unit of time.

PROPERTIES: Linear Velocity and Angular Velocity

SOLUTION

Exploration 6-8b uses the concepts about
connected rotating objects discussed
in Example 2. This exploration is a
good follow-up of a class discussion on
Example 2. Allow about 15 minutes to
complete this exploration.

V must be in radians.

Figure 6-8c

a. The 33_13 rev/min is already an angular velocity because it is a number of
revolutions (angle) per unit of time. All you need to do is change to the
desired units. For this purpose, it is helpful to use dimensional analysis.
There are 2Q radians in one revolution and 60 seconds in 1 minute. Write
the conversion factors this way:
33_13 rev _______
min
2Q rad 1_____
1 Q 3.4906...  3.49 rad/s
1__

W  ______
9
min  rev
60 s
Notice that the revolutions and minutes cancel, leaving radians in the
numerator and seconds in the denominator.
b. All points on the same rotating object have the same angular velocity. So
the point 14.5 cm from the center is also rotating at W  1_19 Q radians per
second. The computation of linear velocity is
14.5 cm 1_19 Qrad
50.6145...  50.6 cm/s
v  rW _______ _______
rad
s

330
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Note that for the purpose of dimensional analysis, the radius has the units
cm/rad. A point 14.5 cm from the center moves 14.5 cm along the arc for
each radian the record rotates.
c. The turntable and record rotate as a single object. So all points on the
turntable have the same angular velocity as the record, even the point
that is the center of the turntable. The radius to the center is, of course,
zero. So
1Q  3.49 rad/s
W  1__
9
1Q)  0 cm/s
v  rW  (0)(1__
➤
9
Interestingly, the center of a rotating object has zero linear velocity, but it still
rotates with the same angular velocity as all other points on the object.

CAS Suggestions
Recall that unit conversions can be done
on a CAS. Keep in mind that some units
may be converted automatically when
using a CAS; for example, on a TI-Nspire
CAS, units per minute is automatically
changed to units per second.

Analysis of Connected Rotating Objects
Figure 6-8d shows the back wheel of a
bicycle. A small sprocket is connected
to the axle of the wheel. This sprocket is
connected by a chain to the large sprocket
to which the pedals are attached. So there
are several rotating objects whose motions
are related to one another. Example 2
shows you how to analyze the motion.

EXAMPLE 2 ➤

Back wheel

Back sprocket

Front
sprocket

Figure 6-8d

A cyclist turns the pedals of her bicycle
(Figure 6-8d) at 8 rad/s. The front sprocket has diameter 20 cm and is connected
by the chain to the back sprocket, which has diameter 6 cm. The rear wheel has
radius 35 cm and is connected to the back sprocket.
a. What is the angular velocity of the front sprocket?
b. What is the linear velocity of points on the chain?
c. What is the linear velocity of points on the rim of the back sprocket?
d. What is the angular velocity of the center of the back sprocket?
e. How fast is the bicycle going in kilometers per hour?

SOLUTION

a. W  8 rad/s

Students can solve part b of Example 1 by
explicitly stating the formula to be used
and substituting the appropriate values.
Note that the default units on a CAS may
be different from (but equivalent to) the
answer in the text.
The Solve command can be used with
substitutions to compute the angular
velocity in part d of Example 2. Notice
that using a CAS allows students to enter
the numerical value and units of each
variable as well as the equations in their
original form. These techniques can be
used to solve Example 2.

Because the pedals and the front sprocket are connected at their axles,
they rotate as one object. All points on the same rotating object have the
same angular velocity.
8 rad  80 cm/s
10 cm _____
b. v  rW  _____
rad
s
The linear velocity of points on the chain is the same as the linear velocity
of points on the rim of the front sprocket. The radius of the front sprocket
20
is __
2 , or 10 cm.
Section 6-8: Rotary Motion
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c. v  80 cm/s

PRO B LE M N OTE S

The back sprocket’s rim has the same linear velocity as the chain and the
front sprocket’s rim.
80 cm _____
rad  26 __
2 rad/s
d. v  rW  W __v  _____
3 cm
3
r
s
The angular velocity is the same at every point on the same rotating
object, even at the center. So the angular velocity at the center of the back
sprocket is the same as at the rim. You can calculate this angular velocity
using the equation v  rW. The radius is 3 cm, half the diameter.

If students are struggling, encourage the
use of a chart like the one included in the
Exploration Notes on page 329.
Q1. 5 m/s
Q2. 7508/s (125 rev/min)
Q3.

3238

Q4.

21.2 radians

s
1 km
35 cm 26_23 rad 3,600
______ __________ 33.6 km/h
e. v  rW  _____ _______
100,000 cm
rad
s
h
The wheel is connected by an axle to the back sprocket, so it rotates
with the same angular velocity as the sprocket. Unless the wheel is
skidding, the speed the bicycle goes is the same as the linear velocity of
points on the rim of the wheel. You can calculate this linear velocity using
➤
the equation v  rW.

Q5. 
Q6.

Horizontal dilation of 5

Q7.

43

Q8.

308, 608, and 908

__

From Example 2, you can draw some general conclusions about rotating objects
connected either at their rims or by an axle.

Q9. (x 2 10)(x 2 1)
Q10. 12

CONCLUSIONS: Connected Rotating Objects
Two rotating objects connected by an axle have the same angular velocity.
Two rotating objects connected at their rims have the same linear velocity at
their rims.

Problem Set 6-8
Reading Analysis
From what you have read in this section, what
do you consider to be the main idea? Give a
real-world example involving rotary motion.
What is the difference between linear velocity and
angular velocity? Explain why it is possible for one
type of velocity to equal zero when the other does
not equal zero.
5m

in

Quick Review

Q1. A runner goes 1000 m in 200 s. What is her
average speed?
Q2. A skater rotates 3000° in 4 s. How fast is he
rotating?
Q3. If one value of V  arccos x is 37°, then another
value of V for 0°  V 360° is ? .
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Q4. If one value of y  arccos x is 1.2 radians, then
the first negative value of y is ? .
Q5. What is the period of the function
y  7  4 cos 2(x  5)?
Q6. What transformation of function f is
g (x)  f (0.2x)?
Q7. Sketch a right triangle with hypotenuse 8 cm
and one leg 4 cm. How long is the other leg?
Q8. What are the measures of the angles of the
triangle in Problem Q7?
Q9. Factor: x 2  11x  10
Q10. Find the next term in the geometric sequence
3, 6, . . ..
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1. Hammer Throw Problem: An athlete spins
around in the hammer throw event to propel the
hammer. In order for the hammer to land where
he wants, it must leave his hand at a speed of
60 ft/s. Assume that the hammer is 4 ft from his
center of rotation.
a. How many radians per second must he rotate
to achieve his objective?
b. How many revolutions per minute must he
rotate?
2. Ship’s Propeller Problem: The propeller on a
freighter has a radius of about 4 ft (Figure 6-8e).
At full speed, the propeller turns at 150 rev/min.

c. If the outermost tip of the blade strikes a stone
while it is turning as in part a, how fast could
the stone be propelled from the mower? How
many miles per hour is this?
4. Bicycle Problem: Rhoda rides a racing bike at a
speed of 50.4 km/h. The wheels have diameter
70 cm.
a. What is the linear velocity of the points
farthest out on the wheels?

15 rad/s
450 rev/min 5 143.2394... rev/min
1b. ___

2a.  5 5 rad/s 5 15.7079... rad/s at
the tip and the center

c. Find the angular velocity of the wheels in
revolutions per minute.

a. Through how many radians does the speck of
dust turn?
b. What distance does it travel?

a. What is the angular velocity of the propeller
in radians per second at the tip of the blades?
At the center of the propeller?
b. What is the linear velocity in feet per second
at the tip of the blades? At the center of the
propeller?
3. Lawn Mower Blade Problem: The blade on a
rotary lawn mower is 19 in. long. The cutting
edges begin 6 in. from the center of the blade
(Figure 6-8f). In order for a lawn mower blade to
cut grass, it must strike the grass at a speed of at
least 900 in./s.
6 in.
19 in.
Figure 6-8f

a. If you want the innermost part of the cutting
edge to cut grass, how many radians per
second must the blade turn? How many
revolutions per minute is this?
b. What is the linear velocity of the outermost
tip of the blade while it is turning as in part a?

c. If Phoebe rotates the turntable 120° in 0.5 s,
what is the dust speck’s angular velocity? What
is its linear velocity?
6. Seesaw Problem: Stan and his older brother Ben
play on a seesaw. Stan sits at a point 8 ft from the
pivot. On the other side of the seesaw, Ben, who
is heavier, sits just 5 ft from the pivot. As Ben
goes up and Stan goes down, the seesaw rotates
through an angle of 37° in 0.7 s.
a. What are Ben’s angular velocity in radians per
second and linear velocity in feet per second?
b. What are Stan’s angular and linear velocities?
7. Figure Skating Problem: Ima N. Aspin goes figure
skating. She goes into a spin with her arms
outstretched, making four complete revolutions
in 6 s.
a. How fast is she rotating in revolutions
per second?
b. Find Ima’s angular velocity in radians
per second.
c. Ima’s outstretched fingertips are 70 cm from
the central axis of her body (around which
she rotates). What is the linear velocity of her
fingertips?
Section 6-8: Rotary Motion

Problems 1–8 are similar to Example 1.
They involve angular and linear velocities
of a rotating object.
1a.

b. Find the angular velocity of the wheels in
radians per second.

5. Dust Problem: A speck of dust is sitting 4 cm
from the center of a turntable. Phoebe spins the
turntable through an angle of 120°.

Figure 6-8e

Problems 1–17 can be approached
using the methods described in the CAS
Suggestions.
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2b. v 5 20 ft/s 5 62.8318... ft/s at the
tip; v 5 0 ft/s at the tip
In Problem 3c, note that a small stone
can travel faster than the tip speed. For
example, compare the speed of a baseball
bat or golf club to the baseball or golf ball
that it hits.
3a.  5 150 rad/s;
 5 1432.3944... rev/min
3b. 1425 in./s
3c. If the stone were hurled with the
same velocity as the tip of the blade, it
would travel at v 5 80.9659... mi/h.
4a.

50.4 km/h

4b.

40 rad/s

381.9718... rev/min
2 radians
5a. ___
3
5b. 8.3775... cm
4 rad/s 5 4.1887... rad/s;
5c.  5 ___
3
v 5 16.7551... cm/s
4c.

6a.

 5 0.9225... rad/s; v 5 4.6126... ft/s

 5 0.9225... rad/s; v 5 7.3802... ft/s
2 rev/s
7a.  5 __
3
4 rad/s 5 4.1887... rad/s
7b.  5 __
3
_____ cm/s 5 293.2153... cm/s
7c. v 5 280
3
6b.

Section 6-8: Rotary Motion
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Problem Notes (continued)
7d. Points of Ima’s body along the axis
have v 5 0 cm/s, but  5 __
 4  rad/s
3
5 4.1887... rad/s.
7e. v 5 150 cm/s; fingertips are
moving slower.
8a.

v 5 112.5 cm/s

8b. v 5 112.5 cm/s
8c. v 5 16.0714... rad/s
8d. v 5 153.4708... rev/min
8e.

v 5 56.25 rad/s

Problems 9–17 compare the angular and
linear velocities of connected objects.
 rad/s 5 10.4719... rad/s
9a. v 5 ____
 10
3
50
 cm/s 5 52.3598... cm/s
9b. v 5  ____
3
50
9c. v 5  ____
 cm/s 5 52.3598... cm/s
3
50
9d. v 5  ____
 cm/s 5 52.3598... cm/s
3
10
9e. v 5 ____
   rad/s 5 3.4906... rad/s
9
10
____
9f. v 5    rad/s 5 3.4906... rad/s;
9
v 5 0 cm/s
Problem 10 may be confusing for
students who do note know what part
of the teeth of the gear to measure from.
You may want to clarify that they should
measure from the middle of the teeth.
10a. v 5 90 rad/min
5 282.7433... rad/min
10b. v 5 1350 cm/min
5 4241.1500... cm/min
10c. v 5 1350 cm/min
5 4241.1500... cm/min
10d. v 5 337.5 rad/min
5 1060.2875... rad/min

d. As Ima spins there are points on her body
that have zero linear velocity. Where are
these points? What is her angular velocity
at these points?
e. Ima pulls her arms in close to her body, just
15 cm from her axis of rotation. As a result,
her angular velocity increases to 10 rad/s. Are
her fingertips going faster or slower than they
were in part c? Justify your answer.

10. Gear Problem: A gear with diameter 30 cm is
revolving at 45 rev/min. It drives a smaller gear
that has diameter 8 cm (similar to Figure 6-8h).

8. Paper Towel Problem: In 0.4 s, Dwayne pulls
from the roll three paper towels with total length
45 cm.
a. How fast is he pulling the paper towels?
b. The roll of towels has diameter 14 cm. What is
the linear velocity of a point on the outside of
the roll?
c. What is the angular velocity of a point on the
outside of the roll?
d. At how many revolutions per minute is the
roll of towels spinning?
e. The next day Dwayne pulls the last few towels
off the roll with the same linear velocity as
before. This time the roll’s diameter is only
4 cm. What is the angular velocity now?

Figure 6-8h

a. How fast is the large gear turning in radians
per minute?
b. What is the linear velocity of the teeth on the
large gear?
c. What is the linear velocity of the teeth on the
small gear?
d. How fast is the small gear turning in radians
per minute?
e. How fast is the small gear turning in
revolutions per minute?
f. If you double an angular velocity by using
gears, what is the ratio of the diameters of the
gears? Which gear does the driving, the large
gear or the small gear?

9. Pulley Problem: Two pulleys are connected by a
pulley belt (Figure 6-8g).

11. Tractor Problem: The rear wheels of a tractor
(Figure 6-8i) are 4 ft in diameter and are turning
at 20 rev/min.
Figure 6-8g

a. The small pulley has diameter 10 cm and
rotates at 100 rev/min. Find its angular
velocity in radians per second.
b. Find the linear velocity of a point on the rim
of the 10-cm pulley.
c. Find the linear velocity of a point on the belt
connecting the two pulleys.
d. Find the linear velocity of a point on the rim
of the large pulley, which has diameter 30 cm.
e. Find the angular velocity of a point on the rim
of the 30-cm pulley.
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Figure 6-8i

a. How fast is the tractor going in feet per
second? How fast is this in miles per hour?
b. The front wheels have a diameter of only
1.8 ft. How fast are the tread points moving in
feet per second around the wheel? Is this an
angular velocity or a linear velocity?
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10e. v 5 168.75 rev/min
ddriver
  5 2;
10f.  _____
ddriven
the large gear does the driving.
4 ft/s 5 4.1887... ft/s;
11a. v 5  ___
3
v 5 ____
 10 mi/h 5 2.8559... mi/h
11
4 ft/s 5 4.1887... ft/s;
11b. v 5  ___
3
linear velocity
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f. Find the angular and linear velocities of a
point at the center of the 30-cm pulley.
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c. How fast in revolutions per minute are the
front wheels turning? Is this an angular
velocity or a linear velocity?
12. Wheel and Grindstone Problem: A waterwheel
with diameter 12 ft turns at 0.3 rad/s
(Figure 6-8j).
Waterwheel

e. Gear 3 has radius 18 in. What is the angular
velocity of its teeth?
f. What are the linear and angular velocities at
the center of Gear 3?
14. Truck Problem: In the 1930s, some trucks used a
chain to transmit power from the engine to the
wheels (Figure 6-8l). Suppose the drive sprocket
had diameter 6 in., the wheel sprocket had
diameter 20 in., and the drive sprocket rotated at
300 rev/min.
6-in.-diameter drive sprocket

c. What is the fastest velocity of any point on the
grindstone? Where are these points?
13. Three Gear Problem: Three gears are connected
as depicted schematically (without showing their
teeth) in Figure 6-8k.
Gear 3

Gear 1

Gear 2
Figure 6-8k

a. Gear 1 rotates at 300 rev/min. Its radius is
8 in. What is its angular velocity in radians per
second?
b. Gear 2 is attached to the same axle as Gear 1
but has radius 2 in. What is its angular
velocity?
c. What is the linear velocity at a point on the
teeth of Gear 2?

Chain

38-in.-diameter wheel

v 5 1.8 ft/s

12b. v 5 0.3 rad/s
12c. Points at the rim of the grindstone
move at 0.45 ft/s.
13a.

v 5 10 rad/s 5 31.4159... rad/s

13b. v 5 10 rad/s 5 31.4159... rad/s
v 5 20 in./s 5 62.8318... in./s

13d. v 5 20 in./s 5 62.8318... in./s
 rad/s 5 3.4906... rad/s
13e. v 5 ____
 10
9
13f. v 5 0 in./s; v 5 ____
 10
 rad/s
9
5 3.4906... rad/s

Figure 6-8j

b. The waterwheel is connected by an axle to
a grindstone with diameter 3 ft. What is the
angular velocity of points on the rim of the
grindstone?

12a.

13c.

Grindstone

a. What is the linear velocity of points on the
rim of the waterwheel?

11c. v 5 44.4444... rev/min;
angular velocity

20-in.-diameter
wheel sprocket

14a.

Figure 6-8l

a. Find the angular velocity of the drive sprocket
in radians per second.
b. Find the linear velocity of the wheel sprocket
in inches per minute.
c. Find the angular velocity of the wheel in
radians per minute.
d. If the wheel has diameter 38 in., find the speed
the truck is going, to the nearest mile per hour.

v 5 10 rad/s 5 31.4159... rad/s

14b. v 5 1800 in./min
5 5654.8667... in./min
14c. v 5 180 rad/min
5 565.4866... rad/min
14d.
15a.

v 5 10.1744... mi/h  10 mi/h
1 rad 5 0.2 rad/s
v 5 ___
 5sft   _____
25 ft

15. Marching Band Formation Problem: Suppose
a marching band executes a formation in
which some members march in a circle 50 ft in
diameter and others in a circle 20 ft in diameter.
The band members in the small circle march in
such a way that they mesh with the members
in the big circle without bumping into each
other. Figure 6-8m on the next page shows the
formation. The members in the big circle march
at a normal pace of 5 ft/s.
a. What is the angular velocity of the big circle in
radians per second?

d. Gear 3 is driven by Gear 2. What is the linear
velocity of the teeth on Gear 3?
Section 6-8: Rotary Motion
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Problem Notes (continued)
6  rev/min 5 1.9098... rev/min
15b. v 5 __
 
15c. The linear velocities are the same—
members all march at the same speed.
15d. v 5 0.5 rad/s
15e. 2.5 times as fast;
diameter of large circle
2.5 5  ____________________
  
    
diameter of small circle
16a. v 5 240 rad/min
5 753.9822... rad/min

b. What is the angular velocity of the big circle in
revolutions per minute?

d. Find the linear and angular velocities of the
center of Pulley 4.

c. Which is the same about the two circles, their
linear or their angular velocities at the rims?

e. Find the angular velocity of Pulley 4 in
revolutions per minute.

d. What is the angular velocity of the small
circle?

f. How many times faster than Pulley 1 is Pulley
4 rotating? How can you find this factor
simply from the radii of the four pulleys?

e. How many times faster does the small circle
revolve? How can you find this factor using
only the two diameters?

16b. v 5 2400 cm/min
5 7539.8223... cm/min
16c. Pulley 2: v 5 2400 cm/min
5 7539.8223... cm/min;
v 5 1200 rad/min
5 3769.9111... rad/min
Pulley 3: v 5 1200 rad/min
5 3769.9111... rad/min;
v 5 14,400 cm/min
5 45,238.9342... cm/min

50 ft

Gear 1: radius  2 cm
Gear 2: radius  15 cm

16. Four Pulley Problem: Four pulleys are
connected to one another as shown in Figure
6-8n. Pulley 1 is driven by a motor at an
angular velocity of 120 rev/min. It is connected
by a belt to Pulley 2. Pulley 3 is on the same axle
as Pulley 2. It is connected by another belt to
Pulley 4. The dimensions of the pulleys are

Gear 3: v 5 12 rad/s 5 37.6991... rad/s;
v 5 36 cm/s 5 113.0973... cm/s

Gear 1

a. What is the angular velocity of Gear 1 in
radians per second?

Pulley 4: radius  3 cm
Pulley 4

Pulley 1

b. Find the linear and angular velocities of the
teeth on the rims of Gear 2, Gear 3, and
Gear 4.
c. Find the linear and angular velocities at the
center of Gear 4.

Pulley 2
Figure 6-8n

a. What is the angular velocity of Pulley 1 in
radians per minute?
b. What is the linear velocity of the rim of Pulley 1?
c. Find the linear and angular velocities of the
rims of Pulley 2, Pulley 3, and Pulley 4.
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d. Find the angular velocity of Gear 4 in
revolutions per minute.
e. The reduction ratio is the ratio of the angular
velocity of the fastest gear to the angular
velocity of the slowest gear. What is the
reduction ratio for the gear train in Figure
6-8o? Calculate this reduction ratio without
working parts a–d of this problem.
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17c. v 5 0 cm/s; v 5 2 rad/s
5 6.2831... rad/s
17d. v 5 60 rev/min
17e. ratio 5 45 5 _____
 15 cm  _____
 18 cm 
2 cm 3 cm
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Gear 4

Figure 6-8o

Pulley 3: radius  12 cm

Pulley 3

Gear 3

Gear 2

Pulley 2: radius  2 cm

Gear 4: v 5 36 cm/s 5 113.0973... cm/s;
v 5 2 rad/s 5 6.2831... rad/s
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Gear 4: radius  18 cm

Pulley 1: radius  10 cm

16d. v 5 0 cm/min;
v 5 4,800 rad/min
5 15,079.6447... rad/min

17b. Gear 2: v 5 180 cm/s
5 565.4866... cm/s; v 5 12 rad/s
5 37.6991... rad/s

Gear 3: radius  3 cm

Figure 6-8m

Pulley 4: v 5 14,400 cm/min
5 45,238.9342... cm/min;
v 5 4,800 rad/min
5 15,079.6447... rad/min

16e. v 5 2,400 rev/min
16f. ratio 5 20 5 _____
 10 cm  _____
 12 cm 
2 cm 3 cm
17a. v 5 90 rad/s 5 282.7433... rad/s

20 ft

17. Gear Train Problem: When something that
rotates fast, like a car’s engine, drives something
that rotates slower, like the car’s wheels, a
gear train is used. In Figure 6-8o, Gear 1 is
rotating at 2700 rev/min. The teeth on Gear 1
drive Gear 2, which is connected by an axle to
Gear 3. The teeth on Gear 3 drive Gear 4. The
sizes of the gears are

6 -9 Chapter Review and Test
In this chapter you learned how to graph trigonometric functions. The sine and
cosine functions are continuous sinusoids, while other trigonometric functions are
discontinuous, having vertical asymptotes at regular intervals. You also learned
about circular functions, which you can use to model real-world phenomena
mathematically, and you learned how radians provide a link between these
circular functions and the trigonometric functions. Radians also provide a way to
calculate linear and angular velocity in rotary motion problems.

Review Problems
R0. Update your journal with what you have
learned since the last entry. Include things
such as
t ć
  FPOFNPTUJNQPSUBOUUIJOHZPVIBWF
learned as a result of studying this chapter
t ć
  FHSBQITPGUIFTJYUSJHPOPNFUSJD
functions

b. Using the cosine function, find a particular
equation for the sinusoid in Figure 6-9a.
Find another particular equation using the
sine function. Show that the equations are
equivalent to each other by plotting them on
the same screen. What do you observe about
the two graphs?
y

t )
 PXUIFUSBOTGPSNBUJPOTPGTJOVTPJEBM
graphs relate to the function transformations
in Chapter 1

V
38°

10°

t )
 PXUIFDJSDVMBSBOEUSJHPOPNFUSJD
functions are related

4

t 8
 IZDJSDVMBSGVODUJPOTVTVBMMZBSFNPSF
appropriate as mathematical models than are
trigonometric functions
R1. a. Sketch the graph of a sinusoid. On the graph,
show the difference in meaning between a
cycle and a period. Show the amplitude, the
phase displacement, and the sinusoidal axis.
b. In the equation y  3  4 cos 5(V  10°),
what name is given to the quantity
5(V  10°)?
R2. a. Without using your grapher, show that
you understand the effects of the constants
in a sinusoidal equation by sketching the
graph of y  3  4 cos 5(V  10°). Give the
amplitude, period, sinusoidal axis location,
and phase displacement.

R2a.

Figure 6-9a

120

�
90°

Homework Assignment

Day 1: Problems R0–R8, T1–T24
Day 2: Problem C1 or C2 or Problem
Set 7-1

Teaching Resources

Exploration 6-9a: Carbon Dioxide
Follow-Up
Exploration 6-9b: Rehearsal for Sinusoids
Test
Blackline Masters
Problems T1 and T2
Test 17, Chapter 6, Forms A and B

TE ACH I N G
Important Terms and Concepts

y

Parametric mode

50

Section Notes

V
8°

20°

Figure 6-9b

d. At what value of V shown in Figure 6-9b does
the graph have a point of inflection? At what
point does the graph have a critical point?

R2c.
3

2 days (including 1 day for testing)

c. A quarter-cycle of a sinusoid is shown in
Figure 6-9b. Find a particular equation of
the sinusoid.
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y

Class Time

Exploration 6-9a: Carbon Dioxide
Follow-Up

10
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360
R2b. y 5 27 1 3 cos ___
28 ( 2 108);
360
___
y 5 27 1 3 sin 28 ( 2 38)

Journal entries will vary.

PL AN N I N G

Technology Resources

e. Find the frequency of the sinusoid in
Figure 6-9b.

R0.

Sec tion 6 -9

360
y 5 50 1 70 sin ___
48 ( 2 88)

R2d. Point of inflection at  5 88, critical
point at  5 208
1 cycle/deg
1 , or ___
R2e. Frequency 5 ___
48
488

Section 6-9 contains a set of review
problems, a set of concept problems,
and a chapter test. The review problems
include one problem for each section
in the chapter. You may wish to use the
chapter test as an additional set of review
problems. Note that all the sinusoids
on the test are circular functions with
real-number arguments, rather than
trigonometric functions.
Encourage students to practice the nocalculator problems without a calculator
so that they are prepared for the test
problems for which they cannot use a
calculator.

Amplitude 5 4; Period 5 728; Sinusoidal
axis 5 3; Phase displacement 5 108
See page 1006 for answers to
Problem R1.
Section 6-9: Chapter Review and Test
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Differentiating Instruction
• Allow students do the chapter review
in pairs. ELL students may need
repeated clarification of the language.
• If you assign Problem C3, be sure to
clarify the language for ELL students.
• This test will pose a challenge for ELL
students with respect to language.
Consider providing a list of words
(for example, pendulum, tide, and so
on) a few days before the test so ELL
students can translate them ahead
of time. At the very least, allow ELL
students to use both their published
and class bilingual dictionaries.
• Go over the review problems in class,
perhaps by having students present
their solutions. You might assign
students to write up their solutions
before class starts.
• Because many cultures’ norms highly
value helping peers, ELL students often
help each other on tests. You can limit
this tendency by making multiple
versions of the test.
• Consider giving a group test the day
before the individual test, so that
students can learn from each other
as they review, and they can identify
what they don’t know prior to the
individual test. Give a copy of the test
to each group member, have them
work together, then randomly choose
one paper from the group to grade.
Grade the test on the spot, so students
know what they need to review further.
Make this test worth  _13 the value of the
individual test, or less.
• ELL students may need more time to
take the test.

Exploration Notes
Exploration 6-9a is a follow-up to the
Carbon Dioxide Problem of Section 3-6.
Students use sinusoidal regression on the
residuals from the exponential regression
to get an equation that models the
seasonal fluctuation of carbon dioxide
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d. Find the value of the inverse trigonometric
function cos 1 0.6.

R3. a. Sketch the graph of y  tan V.
b. Explain why the period of the tangent
function is 180° rather than 360° like the sine
and cosine functions.

e. Find the exact values (no decimals) of the
Q
Q
Q
__
, sec __
circular functions cos __
4 , and tan 2 .
6
f. Sketch the graphs of the parent circular
functions y  cos x and y  sin x.

c. Plot the graph of y  sec V on your grapher.
Explain how you did this.

g. Explain how to find the period of the
Q
circular function y  3  4 sin __
10(x  2)
from the constants in the equation. Sketch
the graph. Confirm by plotting on your
grapher that your sketch is correct.

d. Use the relationship between sine and
cosecant to explain why the cosecant
function has vertical asymptotes at V  0°,
180°, 360°,….
e. Explain why the graph of the cosecant
function has high and low points but no
points of inflection. Explain why the graph
of the cotangent function has points of
inflection but no high or low points.
f. For the function y  2  0.4 cot _13 (V40°),
give the vertical and horizontal dilations
and the vertical and horizontal translations
of the parent cotangent function. Then plot
the graph to confirm that your answers are
correct. What is the period of this function?
Why is it not meaningful to talk about its
amplitude?
R4. a. How many radians are in 30°? In 45°? In 60°?
Give the answers exactly, in terms of Q.
b. How many degrees are in an angle of
2 radians? Write the answer as a decimal.
c. Find cos 3 and cos 3°.
d. Find the radian measure of cos 1 0.8 and
csc 1 2.
e. How long is the arc of a circle subtended by
a central angle of 1 radian if the radius of the
circle is 17 units?
R5. a. Draw the unit circle in a uv-coordinate
system. In this coordinate system, draw an
x-axis vertically with its origin at the point
(u, v)  (1, 0). Show where the points
x 1 unit, 2 units, and 3 units map onto the
unit circle as the x-axis is wrapped around it.

h. Find a particular equation for the circular
function sinusoid for which a half-cycle is
shown in Figure 6-9c.
y

10

33

x

45
Figure 6-9c

R6. a. Find the general solution of the inverse
circular relation arccos 0.8.
b. Find the first three positive values of the
inverse circular relation arccos 0.8.
c. Find the least value of arccos 0.1 that is
greater than 100.
d. For the sinusoid in Figure 6-9d, find the four
values of x shown for which y  2
t (SBQIJDBMMZ UPPOFEFDJNBMQMBDF
t /VNFSJDBMMZ CZĕOEJOHBQBSUJDVMBS
equation and plotting the graph
t "MHFCSBJDBMMZ VTJOHUIFQBSUJDVMBSFRVBUJPO
e. What is the next positive value of x for which
y  2, beyond the last positive value shown
in Figure 6-9d?
y
10

b. How long is the arc of the unit circle
subtended by a central angle of 60°?
Of 2.3 radians?

5

c. Find sin 2° and sin 2.
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13

6

y2
2
Figure 6-9d

10
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concentration in the atmosphere, as well as
the increasing trend over a number of years.
Exploration 6-9b requires a calculator for
Problems 4, 10, and 11–16. Students must
analyze the graph to answer some questions
and use the equation to answer others.
Students should complete the exploration
individually. Allow 55–60 minutes.
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Technology Notes
Exploration 6-9a in the Instructor’s
Resource Book asks students to fit
various models to data and then to
analyze them. Fathom can be used
to plot the data, and sliders can be
created to model the data.

x

R7. Porpoising Problem: Assume that you
are aboard a research submarine doing
submerged training exercises in the Pacific
Ocean. At time t  0, you start porpoising
(going alternately deeper and shallower).
At time t  4 min, you are at your deepest,
y  1000 m. At time t  9 min, you next
reach your shallowest, y  200 m. Assume
that y varies sinusoidally with time.
a. Sketch the graph of y versus t.
b. Write an equation expressing y as a
function of t.
c. Your submarine can’t communicate with
ships on the surface when it is deeper than
y  300 m. At time t  0, could your
submarine communicate? How did you
arrive at your answer?
d. Between what two nonnegative times is your
submarine first unable to communicate?
R8. Clock Problem: The “second” hand on a clock
rotates through an angle of 120° in 20 s.
a. What is its angular velocity in degrees per
second?
b. What is its angular velocity in radians per
second?
c. How far does a point on the tip of the hand,
11 cm from the axle, move in 20 s? What
is the linear velocity of the tip of the hand?
How can you calculate this linear velocity
quickly from the radius and the angular
velocity?

Three Wheel Problem: Figure 6-9e shows
Wheel 1 with radius 15 cm, turning with an
angular velocity of 50 rad/s. It is connected by
a belt to Wheel 2, with radius 3 cm. Wheel 3,
with radius 25 cm, is connected to the same
axle as Wheel 2.

Wheel 2

3 cm

Wheel 1

Wheel 3
Figure 6-9e

d. Find the linear velocity of points on the belt
connecting Wheel 1 to Wheel 2.
e. Find the linear velocity of points on the rim
of Wheel 2.
f. Find the linear velocity of a point at the
center of Wheel 2.

 radians;
 radians; 458 5 __
R4a. 308 5 __
4
6

__
608 5 radians
3
R4b. 114.5915...8
cos 3 5 20.9899...; cos 38 5 0.9986...

R4d. cos 21 0.8 5 0.6435...; csc 21 2 5 __
6
R4e. 17 units

R6a.

cos21 0.8 1 2n

R6b.

0.6435..., 5.6396..., 6.9266...

R6c.

102.0015...

R6d. Graphically: x  27.6, 24.4, 8.4,
2
11.6; y 5 6 1 5 cos __
(x 2 2)
16
Numerically: x  27.6386..., 24.3613...,
8.3613..., 11.6386...

g. Find the angular velocity of Wheel 2.
h. Find the angular velocity of Wheel 3.
i. Find the linear velocity of points on the rim
of Wheel 3.
j. If Wheel 3 is touching the ground, how fast
(in kilometers per hour) would the vehicle
connected to the wheel be moving?

Concept Problems
C1. Pump Jack Problem: An oil well pump jack
is shown in Figure 6-9f on the next page. As
the motor turns, the walking beam rocks up
and down, pulling the rod out of the well and
letting it go back into the well. The connection
between the rod and the walking beam is a
steel cable that wraps around the cathead.
The distance d from the ground to point P,
where the cable connects to the rod, varies
periodically with time.

See the CAS Suggestions in
Sections 6-7 and 6-8 for ideas on how
students can use a CAS to complete the
problems in this section.
The two forms of the equation
in Problem R2b can be shown to
be equivalent using Boolean logic
commands.

25 cm

15 cm

PRO B LE M N OTE S

a. As the walking beam rocks, the angle V it
makes with the ground varies sinusoidally
with time. The angle goes from a minimum
of 0.2 radian to a maximum of 0.2 radian.
How many degrees correspond to this range
of angle V?
b. The radius of the circular arc on the cathead
is 8 ft. What arc length on the cathead
corresponds to the range of angles in part a?

Algebraically: x 5 27.6386..., 24.3613...,
8.3613..., 11.6386...
R6e.

x 5 24.3613...

(t 2 9)
y 5 2600 1 400 cos __
5
R7c. At t 5 0, y 5 2276.3932... m;
submarine could communicate.
R7b.

R7d. Roughly 9 s  t  7 min 51 s.
1208 5 68/s
R8a.  5 ____
20 s
 rad/s 5 0.1047... rad/s
R8b.  5 ___
30
22
R8c. ___
3 cm 5 23.0383... cm; linear
11
velocity 5 ___
30 cm/s; this can be found
 rad ____
11 cm
____
as 30 s  rad .
R8d. v 5 750 cm/s
R8e. v 5 750 cm/s
R8f. v 5 0 cm/s
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R5a.

2

2
3

R8g.

1
1

u

r�1

 units; 2.3 units
R5b. __
3

 5 250 rad/s

R8h.  5 250 rad/s
R8i. v 5 6250 cm/s
R8j.

v

R4c.
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v 5 225 km/h

Problem C1 presents a challenge even
to the best students because they must
connect and apply several concepts from
the chapter.
See pages 1006–1007 for answers to
Problems R3, R5c–h, R7a, and C1a–b.
Section 6-9: Chapter Review and Test
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Problem Notes (continued)

c. The distance, d, between the cable-to-rod
connector and the ground varies sinusoidally
with time. What is the amplitude of the
sinusoid?

C1c. 1.6 ft
C1d.

d
10

Cable
wraps on
cathead.

Walking beam

5


Radius  8 ft

t
2

4

6

8

Coupling

C1e.

d 5 7 1 1.6 cos ___
 2 (t 2 1)

C1f.

5.7055... ft

x  sin t
yt

Cable

Plot the graph, using a window with the
t-values the same as the x-values in part a.
Sketch the graph.

P

5

Rod

Motor

c. Describe how the graphs in part a and part b
are related to each other.

d

C1g. 1.9941... s

Well

C1h. False
Problem C2 involves ideas from
Chapter 7 and can be assigned to
small groups of students. This is also
a good review question after you
complete Chapter 7.
C2a.

d. Explain algebraically how the parametric
functions in part b and the function
y  sin 1 x are related.

Figure 6-9f

d. Suppose the pump is started at time t  0.
One second later, P is at its highest point
above the ground. P is at its next low point
2.5 s after that. When the walking beam is
horizontal, point P is 7 ft above the ground.
Sketch the graph of this sinusoid.

y
2

b. The graph in part a is only for the inverse
sine function. You can plot the entire inverse
sine relation, y  arcsin x, by putting your
grapher in parametric mode. In this mode,
both x and y are functions of a third variable,
usually t. Enter the parametric equations
this way:

e. Find a way to plot the ordinary sine
function, y  sin x, on the same screen as
in part b. Use a different style for this graph
so that you can distinguish it from the other
one. The result should look like the graphs in
Figure 6-9g.
y

e. Find a particular equation expressing d as a
function of t.

x

5
5

f. How far above the ground is point P at time
t  9 s?

1

g. How long does point P stay more than 7.5 ft
above the ground on each cycle?

C2b.

h. True or false? “The angle is always the
independent variable in a periodic function.”

y

2

x
1

C2. Inverse Circular Relation Graphs: In this
problem you’ll investigate the graphs of the
inverse sine and inverse cosine functions and
the general inverse sine and inverse cosine
relations from which they come.
a. On your grapher, plot the inverse circular
function y  sin 1 x. Use a window with
10 x  10 that includes x  1 and
x  1 as grid points. Use the same scales
on both the x- and y-axes. Sketch the result.

C2c. The graph in part a is contained in
the graph of part b.
C2d. The graph in part a is the graph of


__
part b for 2 __
2  t   2 .
C2e.

Use x 5 t, y 5 sin t.
y

2

x
1
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Figure 6-9g

f. How are the two graphs in Figure 6-9g
related to each other? Find a geometric
transformation of the sine graph that gives
the arcsine graph.
g. Explain why the arcsine graph in Figure 6-9g
is not a function graph but the graph you
plotted in part a of the principal values of the
inverse sine is a function graph.
h. Using the same scales as in part b, plot the
graphs of the cosine function, y  cos x,
and the inverse cosine relation. Sketch the
result. Do the two graphs have the same
relationship as those in Figure 6-9g?

Chapter 6: Applications of Trigonometric and Circular Functions

C2f. The arcsine graph is the sine graph
reflected across the line y 5 x.
C2g. The graph in part a has only one
y-value for each x-value in the domain,
while the general inverse sine graph has
infinitely many y-values for each x.
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x

C2h. Graphs appear to be reflections across
the line y 5 x.
y

2

x
1

i. Repeat part h for the inverse tangent
function.
j. Write an entry in your journal about what
you have learned from this problem.

a. Find your linear velocity, in feet per second,
due to the combined rotations of the seats
and the merry-go-round when your seat is
 t 'BSUIFTUGSPNUIFDFOUFSPGUIF
merry-go-round.
 t $MPTFTUUPUIFDFOUFSPGUIF
merry-go-round.
b. In what direction are you actually moving
when your seat is closest to the center of the
merry-go-round?
c. As your seat turns, your distance from
the fence varies sinusoidally with time. As
the merry-go-round turns, the axis of this
sinusoid also varies sinusoidally with time,
but with a different period and amplitude.
Suppose that at time t  0 your seat is at its
farthest distance from the fence, 23 ft. Write
an equation expressing your distance from
the fence as a function of time, t, in seconds.
d. Plot the graph of the function in part c.
Sketch the result.
e. Use the answers in parts a–d to explain why
many people don’t feel well after riding on
this type of ride.

C3. Merry-Go-Round Problem: A merry-go-round
rotates at a constant angular velocity while
rings of seats rotate at a different (but constant)
angular velocity (Figure 6-9h). Suppose the
seats rotate at 30 rev/min counterclockwise
with respect to the ground while the
merry-go-round is rotating at 12 rev/min
counterclockwise.
 


4 ft








 

Figure 6-9h

One cycle is shown here.

C3d.
25

d (ft)

20
15
10
5

t (s)
5

C3e. Answers will vary. There are
frequent and rapid shifts of direction, at
high velocity.
Problems T1 and T2 ask students to
visually approximate 2.3 radians on a
unit circle. A blackline master for these
problems is available in the Instructor’s
Resource Book.
T1., T2.

3
2
v

Chapter Test

2

Part 1: No calculators allowed (T1–T9)
T1. Figure 6-9i shows an x-axis drawn tangent to
the unit circle in a uv-coordinate system. On a
copy of this figure, show approximately where
the point x  2.3 maps onto the unit circle
when the x-axis is wrapped around the circle.
3

x

T3. What are the steps needed to find a decimal
approximation of the degree measure of an
angle of 2.3 radians? In what quadrant would
this angle terminate?

Q
T5. Give the exact number of degrees in __
5 radian
(no decimals).

2

T6. Give the period, amplitude, sinusoidal axis, and
phase displacement of the circular function
Q(x  1)
f (x)  3  4 cos __
5
T7. Sketch at least two cycles of the sinusoid in
Problem T6.

1
u

0

Figure 6-9i

C2i. Graphs appear to be reflections across
the line y 5 x.
y

2

x
1

C2j.
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Journal entries will vary.

T6. Amplitude 5 4; Period 5 10;
Phase displacement 5 11; Sinusoidal
axis 5 13
T7.

f (x)

3
x
4�

341

C3a. vfarthest
 5 6.4 ft/s 5 20.1061... ft/s; 
vclosest5 21.6 ft/s 5 25.0265... ft/s

r�1

180
T3. 2.3   ___
 5 131.7802...;
in Quadrant II.
T4. ___
 2 
3
T5. 36

T8. An object rotates with angular velocity
W  3 rad/s. What is the linear velocity of a
point 20 cm from the axis of rotation?

–1

1

1

u

3

T2. Sketch an angle of 2.3 radians on the copy of
Figure 6-9i.

T4. Give the exact number of radians in 120°
(no decimals).

v
1

10

T8.

8�

v 5 60 cm/s

C3b. Clockwise with respect to the center
of the merry-go-round
C3c. d(t) 5 13 1 6 cos ___
 2t
5 1 4 cos t,
where d is in feet and t is in seconds.
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Problem Notes (continued)

T9. A gear with radius 5 in. rotates so that its teeth
have angular velocity 40 in./s. Its teeth mesh
with a larger gear with radius 10 in. What is the
linear velocity of the teeth on the larger gear?

T9. v 5 4 rad/s
T10.

y

Part 2: Graphing calculators allowed (T10–T24)
50
x
1

4

7

y 5 220 1 30 sin __
  (x 2 3)
8
T12. d 5 5 ft at t 5 4 1 11.2n h

T11.

T13. d 5 1 ft at t 5 9.6 1 11.2n h

T10. A long pendulum hangs from the ceiling. As
it swings back and forth, its distance from the
wall varies sinusoidally with time. At time
x  1 s it is at its closest point, y  50 cm.
Three seconds later it is at its farthest point,
y  160 cm. Sketch the graph.
T11. Figure 6-9j shows a half-cycle of a circular
function sinusoid. Find a particular equation
for this sinusoid.
y

T14. t 5 15 at 3:00 p.m.;
d (15) 5 4.9874... ft
T15.

10

d

20

3

x

T16. Approximately 0 h  t  2.7... h
T17.

t  2.71 h

T18.

t 5 2.7117... h

T19. v 5 4 rad/s 5 12.5663... rad/s
T20. v 5 40 cm/s 5 125.6637... cm/s

For Problems T12–T18, Figure 6-9k shows the
depth of the water at a point near the shore as it
varies due to the tides. A particular equation relating
d, in feet, to t, in hours after midnight on a given
day, is
Q(t  4)
d  3  2 cos ___
5.6

T17. Set your grapher’s table mode to begin at
the later time from Problem T16, and set the
table increment at 0.01. Find to the nearest
0.01 h the latest time at which the water is still
less than 4.5 ft deep.
T18. Solve algebraically for the first positive time at
which the water is exactly 4.5 ft deep.
Bicycle Problem: For Problems T19–T23, Anna Racer
is riding her bike. She turns the pedals at
120 rev/min. The dimensions of the bicycle are
shown in Figure 6-9l.

T21. v 5 10 rad/s 5 31.4159... rad/s
T23. d (t) 5 28 1 24 cos 4t
d (cm)

Figure 6-9k

T12. Find a time at which the water is deepest. How
deep is it at that time?
T13. After the time you found in Problem T12, when
is the water next at its shallowest? How deep is
it at that time?

t (s)

8 cm

Figure 6-9l

T19. What is the angular velocity of the pedals in
radians per second?

T14. What does t equal at 3:00 p.m.? How deep is the
water at that time?

T22. How fast is Anna’s bike going, in kilometers
per hour?
T23. The pedals are 24 cm from the axis of the large
sprocket. Sketch a graph showing the distance
of Anna’s right foot from the pavement as a
function of the number of seconds since her
foot was at a high point. Show the upper and
lower bounds, the sinusoidal axis, and the
location of the next three high points.
T24. What did you learn as a result of taking this test
that you did not know before?

1.0

T24. Answers will vary.
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28 cm
20 cm

T21. What is the angular velocity of the back wheel?
Time

v 5 12.6 km/h 5 39.5840.. km/h

70 cm

T20. What is the linear velocity of the chain in
centimeters per second?

Depth

t

60
50
40
30
20
10

11

T16. By tracing your graph in Problem T15, find,
approximately, the first interval of
nonnegative times for which the water is
less than 4.5 ft deep.

Figure 6-9j

10

T22.

3

T15. Plot the graph of the sinusoid in Figure 6-9k on
your grapher. Use a window with x (actually t)
about 0 x 50 and an appropriate window
for y (actually d).
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